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Vaccination

2

} Eradication or near-eradication of diseases such as smallpox and polio

} Still no effective vaccine against many pathogens

} Main focus of today’s talk:  HCV and HIV (and a bit about polio)

…. and …

How is it that RMT and high-dimensional statistics can potentially help? 



Requirement: Better understanding of these viruses to combat them ... 

37 MILLION

HIV HCV



MHC

Host cellVirus

T cell

Distinct TCR

Pathogen specific adaptive immune system

Peptide

T cell

Memory of past infections Basis for vaccination

Infected 
Cell

B cell

Antibodies

T cell



Immune system evasion by HIV and HCV

…MRTAPCQWASDEGSFTNPARC…
T cell

T cell

…MRTAPCEPASDEGSFTNPARC…

Peptide presented 
by MHC

High mutation rate results in immune escape if 
the mutant virus has a high fitness

Mutations during replication

Principle of vaccination
Train the immune system (B cells and T cells) to recognize viral particles prior to natural infection

Additional complication
Compensation of deleterious effect of individual mutations

T cell

Peptide presented 
by MHC

…MRTAPCEWASDEGSFTNPARC… … 



T-cell vaccine design 
using 

sparse PCA



T-cell based vaccine design – Moving beyond conservation

T cell 1

Peptide 1 Peptide 2

T cell 2

T cell 1 T cell 2

Conventional vaccine design strategy:
Target conserved regions of proteins

Escapes from both T cells

…ASDEG………NPARC…
…ASDEG………NPARC…
…ASDEG………NPARC…
…AQDEG………NPASC…
…ASDEG………NPARC…
…ASDEG………NPARC…
…ASDEG………NPARC…
…AQDEG………NPASC…
…AQDEG………NPASC…
…ASDEG………NPARC…

Peptide 1 Peptide 2

T cell 1 T cell 2

Positively 
correlated

Compensatory

Peptide 1 Peptide 2

…ASDEG………NPARC…
…ASDEG………NPARC…
…AQDEG………NPARC…
…AQDEG………NPARC…
…ASDEG………NPARC…
…AQDEG………NPASC…
…ASDEG………NPASC…
…ASDEG………NPASC…
…ASDEG………NPASC…
…ASDEG………NPARC…

Negatively 
correlated

Deleterious

Peptide 1 Peptide 2

Escapes from both T cells

Peptide 1 Peptide 2

T cell 1

T cell 2

Escape blocked from one T cell

Peptide 1 Peptide 2

T cell 1 T cell 2

Escapes from both T cells
but mutant strain is potentially unfit

Strategy: Select peptides that 
comprise negatively correlated site pairs

and avoid positively correlated ones

A. A. Quadeer, et al. “Statistical linkage analysis of substitutions in patient-derived sequences of genotype 1a hepatitis C virus nonstructural protein 3 exposes targets for immunogen design.” Journal of Virology 88 (2014).



Example multiple sequence alignment (MSA) of a HCV protein
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} Identified a sector of co-evolving sites 
enriched in negative correlations

} Proposed a vaccine to attack the sites in 
this sector

} Methods were based on variant of standard 
PCA (with eigenvalue clipping)

} With HCV being quite similar to HIV,
} Do such groups exist in HCV?
} Is any group enriched with deleterious 

mutations?
} If so, can this information guide a vaccine 

design against HCV?

Motivation:
Work on HIV Gag by Arup Chakraborty’s group at MIT

9Dahirel, Vincent. et al. “Coordinate linkage of HIV evolution reveals regions of immunological vulnerability.” Proceedings of the National Academy of Sciences (PNAS) 108 (2011).

} Inspired by RMT-based noise cleaning in finance (Bouchaud and Stanley’s work)



Robust co-evolutionary analysis (RoCA) of proteins

A. A. Quadeer, D. Morales-Jimenez, M. R. M., “Co-evolution networks of HIV/HCV are modular with direct association to structure and function.” PLoS Computational Biology 14 (2018).

} When ! and " are both large and 
comparable, the sample principal components 
(PCs) are also not consistent estimators

} RMT-based sparse PCA
} Diagonal thresholding [Johnstone 2009]

} Augmented SPCA [Paul 2012]

} Iterative thresholding SPCA (ITSPCA) [Ma 2013]

Summary

• Based on “orthogonal iteration method”
• Introduces a “thresholding step” to 

introduce sparsity
• Estimates sparse subspace of the leading 

eigenvectors

Robust Co-evolutionary Analysis (RoCA)

• Adapted to work on correlation matrices
• A data-driven thresholding parameter 

designed using ideas from random matrix 
theory

10



} Define ! = #
$ . For % and & large, & ≫ (,

} )*,, are independent Gaussian random variables 

} CDF                   follows from standard order statistics

} Threshold selection: ,     where 

Robust co-evolutionary 
analysis (RoCA) algorithm
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} Noise threshold designed based on worst-case non-sector 
coordinate

} Following [Paul, Stat Sinica 2007], entries of      ,  behave 
asymptotically, up to scaling, as entries of a uniformly distributed 
vector on the (& − ()-dimensional unit sphere

Fk,max(x)
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[t1, t2, . . . , t↵] = [�1q1,�2q2, . . . ,�↵q↵]
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Sector coordinates

Non-Sector coordinates

C =
MX

i=1

�iqiq
T
i
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} M = 500 variables, various number of samples N
} 5 non-overlapping sectors
} Correlation matrix:

} Eigenvalues equally spaced in range [4, 6]

Model based simulation example
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Detailed description of the simulation model

We defined a simple r-unit correlation matrix construction of dimension M ⇥M ,

� = (IM � Z) +
rX

k=1

`kuku
T
k

| {z }
r units

+ `0u0u
T
0| {z }

Phylogeny

, (1)

where Z is a diagonal matrix with elements Zii =
Pr

k=0 `kuk(i)2, `1 � . . . � `r > 0 are scalars governing
the strength of the intra-unit correlations for units 1, . . . , r, respectively, and u1, . . . ,ur are orthonormal
vectors whose support (non-zero entries) define these units, i.e., the kth unit is defined as the set
Sk = {i 2 {1, . . . ,M} : uk(i) 6= 0}. Only non-overlapping supports were considered to model distinct
units, i.e., Si \Sj = ; for every i 6= j, and the supports were chosen to be rather small, resulting in sparse
units and a large proportion of uncorrelated residues. The phylogenetic effect was modeled by `0, with
`0 > `1, and u0 = 1p

M
[1 1 . . . 1]T. The parameters {M, r, `k,uk} were set to yield similar characteristics

to those observed for the HIV Gag data set.
Synthetic binary sequences of length M were generated according to the specified correlation �

and with mutation probabilities fi, i = 1, . . . ,M , by applying the Emrich-Piedmonte (EP) method [2].
Note however that, due to the natural constraints of binary data, not every choice of {�, fi} is feasible.
Specifically, the correlation coefficient �ij must satisfy [2]

max

(
�
✓
fifj
gigj

◆1/2

,�
✓
gigj
fifj

◆1/2
)

 �ij  min

(✓
figj
fjgi

◆1/2

,

✓
fjgi
figj

◆1/2
)
, (2)

where gi = 1� fi. Consistent with the viral data sets analyzed in this work, the mutation probabilities
fi were set to rather small values; however, in order to satisfy the feasibility constraints (Eq (2)) and to
avoid computational issues, these probabilities needed to be slightly higher than the typical mutation
frequencies observed in the HIV Gag data set. In particular, each fi (i = 1, . . . ,M) was randomly chosen
according to a uniform distribution between 0.1 and 0.2.

In order to assess the inference accuracy, we first generated a large number N̄ of synthetic binary
sequences. Then, for each choice of N/M , the following Monte Carlo simulation procedure was repeated
for 500 iterations:

1. A binary MSA was formed by drawing N samples (sequences) without replacement from the N
previously generated ones.

2. Sectors were inferred using the method under study (RoCA or PCA).

3. The obtained sectors may not correspond to the true units (Eq (1)). For example, sector 1 may be
predicting unit 2 instead of 1. We rearranged the sectors in order for them to be best aligned with
the true units. To that end, all r! sectors permutations were tested and the best permutation, ⇤,
was chosen according to

⇤ = argmax


 
1

r

rX

i=1

TP
i � TN

i

M

!
,  = 1, 2, ..., r! (3)

where, TP
i and TN

i are respectively the number of true positives and true negatives associated
with sector i of permutation . These quantify the accuracy of the prediction [3] for a given
sector-unit pair and are defined as

TP
i = #(Si \ Ŝ

i ) and TN
i = #(Sc

i \ Ŝc

i ), (4)

where Si is the set of residues in the ith unit, Ŝ
i is the set of residues in the ith sector of permutation

, xc is the complement of set x, and #(x) denotes the cardinality of set x.

2

Fig S3. Comparison of the sectors inferred using the PCA-based method [1] and the
proposed RoCA method. (A) Comparison of sector sizes obtained using PCA and RoCA for the

studied viral proteins. PCA sectors were inferred by applying the method proposed in [1] on the

available sequence data of each viral protein. The y-axis shows the number of residues present in each

sector. (B) Comparison of the robustness of RoCA and PCA [1] methods to finite sampling using binary

synthetic data. The parameters used in the simulation were M = 500 residues and r = 5 non-overlapping

units Si of size 12%, 10%, 8%, 6%, and 4% of M , respectively for i = 1, . . . , 5. The corresponding `i
were set to equally spaced values between `1 = 6 and `5 = 4, and to model the phylogenetic effect, we

set `0 = 8. To test the finite-sampling effect, results are presented for varying number of samples N =

1000, 2000, and 4000 corresponding to
N
M = 2, 4, and 8, respectively. The sectors inferred using RoCA

and PCA [1] are compared using mean TPR, mean FDR, and the maximum percentage mismatch

PMmax. In each box plot, the black circle indicates the median, the edges of the box represent the first

and third quartiles, and whiskers extend to span a 1.5 inter-quartile range from the edges.

1

1

N/M = 4



RoCA sectors for HIV Gag
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Sectors obtained using standard PCA



Experimentally identified biochemical domains
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HIV Gag
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Results for other HIV and HCV proteins

Enriched in 
negative 

correlations

Association with sites 
targeted by 

HIV LTNPs

Association with sites 
related to 

HCV spontaneous 
clearance

Immunological 
significance

A. A. Quadeer, D. Morales-Jimenez, and M. R. M. “Co-evolution networks of HIV/HCV are modular with direct association to structure and function.” PLoS Computational Biology 14 (2018).
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Back to the T-cell vaccine design problem…

MHC

Host cellVirus

T cell

Distinct TCR

Peptide

Peptide 1 Peptide 2

T cell 1 T cell 2

Vaccine design goal: To find sets of viral peptides that:
1. Can be “seen” by T cells in many people
2. Make it difficult for the virus to escape through mutation



Person 1 Person 2 Person 3 Person 4 Person 5

Proposed T-cell based vaccine design candidates 
Peptide-selection problem

2. Maximize L = PCP + PNCP – PPCP 

PCP = Percentage of 100% conserved pairs
PNCP = Percentage of negatively correlated pairs
PPCP = Percentage of positively correlated pairs

1. Maximize population coverage

Different people have different types of MHC molecules
Different MHC molecules may present different peptides

Combination Peptide 1 Peptide 2 Peptide 3 Peptide 4 Peptide 5 L Dcov

1 1251-1259 1292-1300 1436-1444 1585-1594 1585-1595 63.6 0.50

2 1123-1131 1169-1177 1251-1259 1292-1300 1436-1444 61.6 0.44

3 1123-1131 1175-1183 1251-1259 1292-1300 1436-1444 65.4 0.37

4 1123-1131 1175-1183 1251-1259 1359-1367 1436-1444 61.6 0.37

5 1169-1177 1175-1183 1251-1259 1292-1300 1436-1444 64.5 0.34

HCV NS3

A. A. Quadeer et al. “Statistical linkage analysis of substitutions in patient-derived sequences of genotype 1a hepatitis C virus nonstructural protein 3 exposes targets for immunogen design.” Journal of Virology 88 (2014). 18

V Y A T T S A S A G L R Q K K R E D K M V L K F G S …

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 …

Person 1

V Y A T T S A S A G L R Q K K R E D K M V L K F G S …

V Y A T T S A S A G L R Q K K R E D K M V L K F G S …

V Y A T T S A S A G L R Q K K R E D K M V L K F G S …

Person 2

Person 3

Person 4

V Y A T T S A S A G L R Q K K R E D K M V L K F G S …Person 5



RocaSec: A GUI-based package for robust co-evolutionary analysis of proteins

} Standalone
} Cross-platform
} GUI-based
} Minimum input requirement
} Publication-quality figures output

A. A. Quadeer, D. Morales-Jimenez, and M. R. M. “RocaSec: A GUI-based package for robust co-evolutionary analysis of proteins”, to appear in Bioinformatics



Sub-dominant principal components of sample correlation matrices

S. F. Ahmed, A. A Quadeer, D. Morales-Jimenez, and M. R M., “Sub-dominant principal components inform new vaccine targets for HIV Gag”, Bioinformatics (2019)

Signal/Noise?

RoCA-based threshold

PC3 and PC7 (~70% support overlap)

Ground-truth model of 
correlation matrix

Histogram of eigenvalues of HIV Gag sample 
correlation matrix

Block comprising negative 
pairwise correlations

Overlapping PCs indicate a single underlying sector



! " = 1
6&'()

*
+'*, +'-

} Which sub-dominant PCs to include for HIV-Gag sample 
correlation matrix?

} Progressively include sub-dominant PCs and estimate 
subspace

} Check similarity of the dominant (six) PCs as dimension of 
subspace increases

Blocks comprising 
negative pairwise 

correlations

Sets of overlapping 
PCs

HIV-Gag sample correlation matrix



Biological/immunological significance of modified sector inferred in 
HIV-Gag

} A single sector inferred jointly from (overlapping) PC3 and PC7
} Enriched in negative pairwise correlations
} Picks up important protein interface sites
} Strong association with known protective epitopes



Proposed T cell-based vaccine design candidates

} HIV-Gag epitopes as targets

} Different set of epitopes compared to previous works with increased double coverage

Combination Epitope 1 Epitope 2 Epitope 3 Epitope 4 Epitope 5 Dcov ! score

1 148-156 269-277 294-304 355-363 433-442 40.4% 0.39

2 148-156 269-277 306-316 355-363 433-442 40.4% 0.38

3 148-156 180-188 269-277 294-304 433-442 40.4% 0.37

4 180-188 269-277 294-304 355-363 433-442 40.4% 0.37

5 180-188 269-277 306-316 355-363 433-442 40.4% 0.34

S. F. Ahmed, A. A Quadeer, D. Morales-Jimenez, and M. R M., “Sub-dominant principal components inform new vaccine targets for HIV Gag”, Bioinformatics (2019)



Random matrix analysis 
of spiked correlation 

matrices



Spectral Analysis of Sample Correlation Matrices for Spiked Models

25

} Sample correlation matrices are widely used in practice

} Well studied under classical ‘large n, fixed p’ regimes (Girshick 1939, Konishi 1979, Fang and Krishnaiah 1982, …) 

} For high-dimensional ‘large n, large p’ settings, recent progress for null models 
} Empirical spectrum (Jiang 2004)
} Almost sure limits of largest and smallest eigenvalues (Jiang 2004, Xiao and Zhou 2010, Heiny et. al. 2018)
} Tracy-Widom fluctuations (Bao et. al. 2012, Pillai and Yin 2012)
} CLTs for linear statistics (Gao 2017)

} Unlike for covariance matrices, that have been very well studied, high-dimensional results for sample correlation matrices 
beyond null models are scarce  (e.g., El Karoui 2009, Mestre and Vallet 2017).

} Focus of this work: Motivated by the biological application, we seek to study the spectral properties (eigenvalues and 
eigenvectors) of spiked correlation matrices. 

D. Morales-Jimenez, I. M. Johnstone, M. R. M., and J. Yang, “Asymptotics of eigenstructure of sample correlation matrices for high-dimensional spiked models”, to appear in Statistica Sinica.
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} n = 200 i.i.d. samples, !" ∼ $ 0, Σ .    Covariance: Σ = blkdiag(Σ1, 234), Σ1 ",678
84 = 0.95 "<6

",678
84

Sample Covariance

6 7 8 9 10 11 12
0

0.5

1

1.5

2

2.5

3
Sample Correlation

6 7 8 9 10 11 12
0

0.5

1

1.5

2

2.5

3

Numerical example: Largest eigenvalue distribution

S = n�1XXT
<latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit>

R = diag(S)�1/2 S diag(S)�1/2
<latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit>
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Numerical example: Eigenvector projections

} n = 200 i.i.d. samples, !" ∼ $ 0, Σ .    Covariance: Σ = blkdiag(Σ1, 234), Σ1 ",678
84 = 0.95 "<6

",678
84

R = diag(S)�1/2 S diag(S)�1/2
<latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit>

S = n�1XXT
<latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit>
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} Let                   have zero-mean entries with finite 4 + # th moment, for some # > 0.

}

} Correlation matrix of ':   

} Correlation matrix of (:  

Eigenvalues:
Eigenvectors: Partition: 

x =


⇠
⌘

�

<latexit sha1_base64="faqeBt073KBsHJXXf0kZDEyDqq4=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwISURQTdiwY3LCvYBTSiTyW07dDIJMxNpCf0cN/6KGxFFuvVLnLRFtPXAcA/n3Mvce4KEM6UdZ2IVVlbX1jeKm/bW9s7uXmn/oKHiVFKo05jHshUQBZwJqGumObQSCSQKODSDwW3uNx9BKhaLBz1KwI9IT7Auo0QbqVO6GeJr7AXQYyILIqIlG45tbOCdYW/IpsWbCaCJnRcR/nRi3CmVnYozBV4m7pyU0Ry1TunNC2OaRiA05USptusk2s+I1IxyGNteqiAhdEB60DZUkAiUn00PHeMTo4S4G0vzhMZT9fdERiKlRlFgOs2GfbXo5eJ/XjvV3Ss/YyJJNQg6+6ibcqxjnKeGQyaBaj4yhFDJzK6Y9okkVJtsbROCu3jyMmmcV1yn4t5flKvOPI4iOkLH6BS56BJV0R2qoTqi6Am9oHf0YT1br9anNZm1Fqz5zCH6A+vrG2Bgom8=</latexit><latexit sha1_base64="faqeBt073KBsHJXXf0kZDEyDqq4=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwISURQTdiwY3LCvYBTSiTyW07dDIJMxNpCf0cN/6KGxFFuvVLnLRFtPXAcA/n3Mvce4KEM6UdZ2IVVlbX1jeKm/bW9s7uXmn/oKHiVFKo05jHshUQBZwJqGumObQSCSQKODSDwW3uNx9BKhaLBz1KwI9IT7Auo0QbqVO6GeJr7AXQYyILIqIlG45tbOCdYW/IpsWbCaCJnRcR/nRi3CmVnYozBV4m7pyU0Ry1TunNC2OaRiA05USptusk2s+I1IxyGNteqiAhdEB60DZUkAiUn00PHeMTo4S4G0vzhMZT9fdERiKlRlFgOs2GfbXo5eJ/XjvV3Ss/YyJJNQg6+6ibcqxjnKeGQyaBaj4yhFDJzK6Y9okkVJtsbROCu3jyMmmcV1yn4t5flKvOPI4iOkLH6BS56BJV0R2qoTqi6Am9oHf0YT1br9anNZm1Fqz5zCH6A+vrG2Bgom8=</latexit><latexit sha1_base64="faqeBt073KBsHJXXf0kZDEyDqq4=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwISURQTdiwY3LCvYBTSiTyW07dDIJMxNpCf0cN/6KGxFFuvVLnLRFtPXAcA/n3Mvce4KEM6UdZ2IVVlbX1jeKm/bW9s7uXmn/oKHiVFKo05jHshUQBZwJqGumObQSCSQKODSDwW3uNx9BKhaLBz1KwI9IT7Auo0QbqVO6GeJr7AXQYyILIqIlG45tbOCdYW/IpsWbCaCJnRcR/nRi3CmVnYozBV4m7pyU0Ry1TunNC2OaRiA05USptusk2s+I1IxyGNteqiAhdEB60DZUkAiUn00PHeMTo4S4G0vzhMZT9fdERiKlRlFgOs2GfbXo5eJ/XjvV3Ss/YyJJNQg6+6ibcqxjnKeGQyaBaj4yhFDJzK6Y9okkVJtsbROCu3jyMmmcV1yn4t5flKvOPI4iOkLH6BS56BJV0R2qoTqi6Am9oHf0YT1br9anNZm1Fqz5zCH6A+vrG2Bgom8=</latexit>

⇠ 2 Rm, ⌘ 2 Rp, independent, Cov (⇠) = ⌃, Cov (⌘) = I
<latexit sha1_base64="EJBkQOS8A6fSZiCa/B6XqxZbp6Q="></latexit><latexit sha1_base64="EJBkQOS8A6fSZiCa/B6XqxZbp6Q="></latexit><latexit sha1_base64="EJBkQOS8A6fSZiCa/B6XqxZbp6Q="></latexit>

P = [p1, . . . , pm], L = diag(`1, . . . , `m), `1 � · · · � `m > 0
<latexit sha1_base64="HXxgBBnYhqR+X49xRmjfUHQd7Y4="></latexit><latexit sha1_base64="HXxgBBnYhqR+X49xRmjfUHQd7Y4="></latexit><latexit sha1_base64="HXxgBBnYhqR+X49xRmjfUHQd7Y4="></latexit>

� = diag(⌃)�1/2⌃ diag(⌃)�1/2 = PLPT
<latexit sha1_base64="NIBmw9MDFNQomfvKFPzomHpykUc="></latexit><latexit sha1_base64="NIBmw9MDFNQomfvKFPzomHpykUc="></latexit><latexit sha1_base64="NIBmw9MDFNQomfvKFPzomHpykUc="></latexit>

pi = [pTi 0Tp ]
T

<latexit sha1_base64="ufGW+v8vdpuifo4xRAzpYucYt6s=">AAACEHicbVDLSsNAFJ34rPUVdelmsIguSklE0I1QcOOyQvqAJA2T6aQdOkmGmYlQQj/Bjb/ixoUibl2682+ctFlo64ELh3Pu5d57Qs6oVJb1baysrq1vbFa2qts7u3v75sFhR6aZwKSNU5aKXogkYTQhbUUVIz0uCIpDRrrh+Lbwuw9ESJomjppw4sdomNCIYqS0FJhnuRcjNYoEGkM+DSi8gdDlAe070Kt7dWgFvO/4fScwa1bDmgEuE7skNVCiFZhf3iDFWUwShRmS0rUtrvwcCUUxI9Oql0nCER6jIXE1TVBMpJ/PHprCU60MYJQKXYmCM/X3RI5iKSdxqDuL6+WiV4j/eW6moms/pwnPFEnwfFGUMahSWKQDB1QQrNhEE4QF1bdCPEICYaUzrOoQ7MWXl0nnomFbDfv+sta0yjgq4BicgHNggyvQBHegBdoAg0fwDF7Bm/FkvBjvxse8dcUoZ47AHxifP8BPmws=</latexit><latexit sha1_base64="ufGW+v8vdpuifo4xRAzpYucYt6s=">AAACEHicbVDLSsNAFJ34rPUVdelmsIguSklE0I1QcOOyQvqAJA2T6aQdOkmGmYlQQj/Bjb/ixoUibl2682+ctFlo64ELh3Pu5d57Qs6oVJb1baysrq1vbFa2qts7u3v75sFhR6aZwKSNU5aKXogkYTQhbUUVIz0uCIpDRrrh+Lbwuw9ESJomjppw4sdomNCIYqS0FJhnuRcjNYoEGkM+DSi8gdDlAe070Kt7dWgFvO/4fScwa1bDmgEuE7skNVCiFZhf3iDFWUwShRmS0rUtrvwcCUUxI9Oql0nCER6jIXE1TVBMpJ/PHprCU60MYJQKXYmCM/X3RI5iKSdxqDuL6+WiV4j/eW6moms/pwnPFEnwfFGUMahSWKQDB1QQrNhEE4QF1bdCPEICYaUzrOoQ7MWXl0nnomFbDfv+sta0yjgq4BicgHNggyvQBHegBdoAg0fwDF7Bm/FkvBjvxse8dcUoZ47AHxifP8BPmws=</latexit><latexit sha1_base64="ufGW+v8vdpuifo4xRAzpYucYt6s=">AAACEHicbVDLSsNAFJ34rPUVdelmsIguSklE0I1QcOOyQvqAJA2T6aQdOkmGmYlQQj/Bjb/ixoUibl2682+ctFlo64ELh3Pu5d57Qs6oVJb1baysrq1vbFa2qts7u3v75sFhR6aZwKSNU5aKXogkYTQhbUUVIz0uCIpDRrrh+Lbwuw9ESJomjppw4sdomNCIYqS0FJhnuRcjNYoEGkM+DSi8gdDlAe070Kt7dWgFvO/4fScwa1bDmgEuE7skNVCiFZhf3iDFWUwShRmS0rUtrvwcCUUxI9Oql0nCER6jIXE1TVBMpJ/PHprCU60MYJQKXYmCM/X3RI5iKSdxqDuL6+WiV4j/eW6moms/pwnPFEnwfFGUMahSWKQDB1QQrNhEE4QF1bdCPEICYaUzrOoQ7MWXl0nnomFbDfv+sta0yjgq4BicgHNggyvQBHegBdoAg0fwDF7Bm/FkvBjvxse8dcUoZ47AHxifP8BPmws=</latexit>

p1, . . . , pm, em+1, . . . , em+p
<latexit sha1_base64="FUR9gIlULgPXNVi54CJGiUSpQ74=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0UQLCURQZdFNy4r2Ac0IUwmk3boTBJmJkIJ/R83/ooLXfjArf/hJA1oWw8MHM45l7n3+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DroxTgUkHxywWfR9JwmhEOooqRvqJIIj7jPT88U3u9x6IkDSO7tUkIS5Hw4iGFCOlJc+8zhyO1CgUaAyTqWc3oMOCWMkGnDd4AxIv42f29DdRCNoz61bTKgCXiV2SOijR9swXJ4hxykmkMENSDmwrUW6GhKKYkWnNSSVJEB6jIRloGiFOpJsVt07hiVYCGMZCv0jBQv07kSEu5YT7OpnvLxe9XPzPG6QqvHIzGiWpIhGefRSmDKoY5sXBgAqCFZtogrCgeleIR0ggrHS9NV2CvXjyMumeN22rad9d1FtWWUcVHIFjcApscAla4Ba0QQdg8AiewRt4N56MV+PT+JpFK0Y5cwjmYHz/AM7PprY=</latexit><latexit sha1_base64="FUR9gIlULgPXNVi54CJGiUSpQ74=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0UQLCURQZdFNy4r2Ac0IUwmk3boTBJmJkIJ/R83/ooLXfjArf/hJA1oWw8MHM45l7n3+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DroxTgUkHxywWfR9JwmhEOooqRvqJIIj7jPT88U3u9x6IkDSO7tUkIS5Hw4iGFCOlJc+8zhyO1CgUaAyTqWc3oMOCWMkGnDd4AxIv42f29DdRCNoz61bTKgCXiV2SOijR9swXJ4hxykmkMENSDmwrUW6GhKKYkWnNSSVJEB6jIRloGiFOpJsVt07hiVYCGMZCv0jBQv07kSEu5YT7OpnvLxe9XPzPG6QqvHIzGiWpIhGefRSmDKoY5sXBgAqCFZtogrCgeleIR0ggrHS9NV2CvXjyMumeN22rad9d1FtWWUcVHIFjcApscAla4Ba0QQdg8AiewRt4N56MV+PT+JpFK0Y5cwjmYHz/AM7PprY=</latexit><latexit sha1_base64="FUR9gIlULgPXNVi54CJGiUSpQ74=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0UQLCURQZdFNy4r2Ac0IUwmk3boTBJmJkIJ/R83/ooLXfjArf/hJA1oWw8MHM45l7n3+AmjUlnWh1FZWV1b36hu1ra2d3b3zP2DroxTgUkHxywWfR9JwmhEOooqRvqJIIj7jPT88U3u9x6IkDSO7tUkIS5Hw4iGFCOlJc+8zhyO1CgUaAyTqWc3oMOCWMkGnDd4AxIv42f29DdRCNoz61bTKgCXiV2SOijR9swXJ4hxykmkMENSDmwrUW6GhKKYkWnNSSVJEB6jIRloGiFOpJsVt07hiVYCGMZCv0jBQv07kSEu5YT7OpnvLxe9XPzPG6QqvHIzGiWpIhGefRSmDKoY5sXBgAqCFZtogrCgeleIR0ggrHS9NV2CvXjyMumeN22rad9d1FtWWUcVHIFjcApscAla4Ba0QQdg8AiewRt4N56MV+PT+JpFK0Y5cwjmYHz/AM7PprY=</latexit>

`1, . . . , `m, 1, . . . , 1
<latexit sha1_base64="aX1JZKZKPRE5fc2c3Xbbghag5ws=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVFWMkGCsxMJYJPqQmihyHKe16sSR7SBVUX+AhV9hYQAhVnY2/ganzVBajmT5+Jx7dX1PkHKmtOP8WJW19Y3Nrep2bWd3b//APjzqKpFJQjtEcCH7AVaUs4R2NNOc9lNJcRxw2gvGt4Xfe6RSMZE86ElKvRgPExYxgrWRfPvMpZz7qAFdHgqtzF284wZckJBv152mMwNcJagkdVCi7dvfbihIFtNEE46VGiAn1V6OpWaE02nNzRRNMRnjIR0YmuCYKi+fbTOF50YJYSSkOYmGM3WxI8exUpM4MJUx1iO17BXif94g09GNl7MkzTRNyHxQlHGoBSyigSGTlGg+MQQTycxfIRlhiYk2AdZMCGh55VXSvWwip4nur+otp4yjCk7AKbgACFyDFrgDbdABBDyBF/AG3q1n69X6sD7npRWr7DkGf2B9/QLciZlx</latexit><latexit sha1_base64="aX1JZKZKPRE5fc2c3Xbbghag5ws=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVFWMkGCsxMJYJPqQmihyHKe16sSR7SBVUX+AhV9hYQAhVnY2/ganzVBajmT5+Jx7dX1PkHKmtOP8WJW19Y3Nrep2bWd3b//APjzqKpFJQjtEcCH7AVaUs4R2NNOc9lNJcRxw2gvGt4Xfe6RSMZE86ElKvRgPExYxgrWRfPvMpZz7qAFdHgqtzF284wZckJBv152mMwNcJagkdVCi7dvfbihIFtNEE46VGiAn1V6OpWaE02nNzRRNMRnjIR0YmuCYKi+fbTOF50YJYSSkOYmGM3WxI8exUpM4MJUx1iO17BXif94g09GNl7MkzTRNyHxQlHGoBSyigSGTlGg+MQQTycxfIRlhiYk2AdZMCGh55VXSvWwip4nur+otp4yjCk7AKbgACFyDFrgDbdABBDyBF/AG3q1n69X6sD7npRWr7DkGf2B9/QLciZlx</latexit><latexit sha1_base64="aX1JZKZKPRE5fc2c3Xbbghag5ws=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVFWMkGCsxMJYJPqQmihyHKe16sSR7SBVUX+AhV9hYQAhVnY2/ganzVBajmT5+Jx7dX1PkHKmtOP8WJW19Y3Nrep2bWd3b//APjzqKpFJQjtEcCH7AVaUs4R2NNOc9lNJcRxw2gvGt4Xfe6RSMZE86ElKvRgPExYxgrWRfPvMpZz7qAFdHgqtzF284wZckJBv152mMwNcJagkdVCi7dvfbihIFtNEE46VGiAn1V6OpWaE02nNzRRNMRnjIR0YmuCYKi+fbTOF50YJYSSkOYmGM3WxI8exUpM4MJUx1iO17BXif94g09GNl7MkzTRNyHxQlHGoBSyigSGTlGg+MQQTycxfIRlhiYk2AdZMCGh55VXSvWwip4nur+otp4yjCk7AKbgACFyDFrgDbdABBDyBF/AG3q1n69X6sD7npRWr7DkGf2B9/QLciZlx</latexit>

�x = blkdiag(�, I)
<latexit sha1_base64="6sEXxe7SaMqB0AG8QTGsBPzTE8M=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6EYouFB3FewDmlBuJpN26EwSZiZiCf0AN/6KGxeKuPUD3Pk3TtsstPXAwOGcc7lzj59wprRtf1sLi0vLK6uFteL6xubWdmlnt6niVBLaIDGPZdsHRTmLaEMzzWk7kRSEz2nLH1yO/dY9lYrF0Z0eJtQT0ItYyAhoI3VLZfcKhIDuA77AmSsF9vkgYNAbVabGMb45Mim7ak+A54mTkzLKUe+WvtwgJqmgkSYclOo4dqK9DKRmhNNR0U0VTYAMoEc7hkYgqPKyyTEjfGiUAIexNC/SeKL+nshAKDUUvkkK0H01643F/7xOqsNzL2NRkmoakemiMOVYx3jcDA6YpETzoSFAJDN/xaQPEog2/RVNCc7syfOkeVJ17Kpze1qu2XkdBbSPDlAFOegM1dA1qqMGIugRPaNX9GY9WS/Wu/UxjS5Y+cwe+gPr8wdXVJnQ</latexit><latexit sha1_base64="6sEXxe7SaMqB0AG8QTGsBPzTE8M=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6EYouFB3FewDmlBuJpN26EwSZiZiCf0AN/6KGxeKuPUD3Pk3TtsstPXAwOGcc7lzj59wprRtf1sLi0vLK6uFteL6xubWdmlnt6niVBLaIDGPZdsHRTmLaEMzzWk7kRSEz2nLH1yO/dY9lYrF0Z0eJtQT0ItYyAhoI3VLZfcKhIDuA77AmSsF9vkgYNAbVabGMb45Mim7ak+A54mTkzLKUe+WvtwgJqmgkSYclOo4dqK9DKRmhNNR0U0VTYAMoEc7hkYgqPKyyTEjfGiUAIexNC/SeKL+nshAKDUUvkkK0H01643F/7xOqsNzL2NRkmoakemiMOVYx3jcDA6YpETzoSFAJDN/xaQPEog2/RVNCc7syfOkeVJ17Kpze1qu2XkdBbSPDlAFOegM1dA1qqMGIugRPaNX9GY9WS/Wu/UxjS5Y+cwe+gPr8wdXVJnQ</latexit><latexit sha1_base64="6sEXxe7SaMqB0AG8QTGsBPzTE8M=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCQi6EYouFB3FewDmlBuJpN26EwSZiZiCf0AN/6KGxeKuPUD3Pk3TtsstPXAwOGcc7lzj59wprRtf1sLi0vLK6uFteL6xubWdmlnt6niVBLaIDGPZdsHRTmLaEMzzWk7kRSEz2nLH1yO/dY9lYrF0Z0eJtQT0ItYyAhoI3VLZfcKhIDuA77AmSsF9vkgYNAbVabGMb45Mim7ak+A54mTkzLKUe+WvtwgJqmgkSYclOo4dqK9DKRmhNNR0U0VTYAMoEc7hkYgqPKyyTEjfGiUAIexNC/SeKL+nshAKDUUvkkK0H01643F/7xOqsNzL2NRkmoakemiMOVYx3jcDA6YpETzoSFAJDN/xaQPEog2/RVNCc7syfOkeVJ17Kpze1qu2XkdBbSPDlAFOegM1dA1qqMGIugRPaNX9GY9WS/Wu/UxjS5Y+cwe+gPr8wdXVJnQ</latexit>
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} Data matrix: , where      are i.i.d. copies of    

} Sample covariance:

} Sample correlation:   

Eigenvalues:  
Eigenvectors: Partition: 

} Asymptotics: m fixed, while p and n grow large with  

} For an index     such that                        is a simple eigenvalue, define  

where

X = [x1, . . . , xn] 2 R(m+p)⇥n
<latexit sha1_base64="AP8Blq0uvs0WZXgP930su6dkrrk="></latexit><latexit sha1_base64="AP8Blq0uvs0WZXgP930su6dkrrk="></latexit><latexit sha1_base64="AP8Blq0uvs0WZXgP930su6dkrrk="></latexit>

xi
<latexit sha1_base64="8JzFZXt6nOC0/6fXYVV9OQyIwCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrp/qkv+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1smjcY=</latexit><latexit sha1_base64="8JzFZXt6nOC0/6fXYVV9OQyIwCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrp/qkv+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1smjcY=</latexit><latexit sha1_base64="8JzFZXt6nOC0/6fXYVV9OQyIwCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8eKpi20oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8PxzcxvP3JtRKIecJLyIKZDJSLBKFrp/qkv+tWaW3fnIKvEK0gNCjT71a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnZIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5thdB3kQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTsSF4yy+vktZF3XPr3t1lreEWcZThBE7hHDy4ggbcQhN8YDCEZ3iFN0c6L86787FoLTnFzDH8gfP5A1smjcY=</latexit>

x
<latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit>

S = n�1XXT
<latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit><latexit sha1_base64="CaR4LJo0YOjJwQr103AgAD6anVY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJCHoRCl48VuxHoE3LZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIeSy/AinImaFMzzamXSIqjgNN2ML6d+e1HKhWLRUNPEupHeChYyAjWRurb5Qd0g0QvO3enyPN6jb5dcarOHGiVuDmpQI563/7qDmKSRlRowrFSHddJtJ9hqRnhdFrqpoommIzxkHYMFTiiys/mh0/RqVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14n1eG1nzGRpJoKslgUphzpGM1SQAMmKdF8YggmkplbERlhiYk2WZVMCO7yy6ukdVF1nap7f1mpOXkcRTiGEzgDF66gBndQhyYQSOEZXuHNerJerHfrY9FasPKZI/gD6/MHhWmRow==</latexit>

R = diag(S)�1/2 S diag(S)�1/2
<latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit><latexit sha1_base64="57WVvRIdM5sMSKzENErjRLl5W3c=">AAACIHicbVBLSwMxGMz6rOtr1aOXYBEqaN0tQr0IBS8eq7UP6K4lm2bb0OyDJCuUZX+KF/+KFw+K6E1/jdl2D9p2IGGY+T6SGTdiVEjT/NaWlldW19YLG/rm1vbOrrG33xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3Sd+e1HwgUNg3s5jojjo0FAPYqRVFLPqOr6HbyCic192KdokJYaJw/JmXVeSaF9ChvZtcjsGUWzbE4A54mVkyLIUe8ZX3Y/xLFPAokZEqJrmZF0EsQlxYykuh0LEiE8QgPSVTRAPhFOMgmYwmOl9KEXcnUCCSfq340E+UKMfVdN+kgOxayXiYu8biy9SyehQRRLEuDpQ17MoAxh1pZKzQmWbJzFx5yqv0I8RBxhqTrVVQnWbOR50qqULbNs3V4Ua2ZeRwEcgiNQAhaoghq4AXXQBBg8gRfwBt61Z+1V+9A+p6NLWr5zAP5B+/kFa/2exw==</latexit>

ˆ̀
1 � · · · � ˆ̀

m � ˆ̀
m+1 � · · · � ˆ̀

m+p � 0
<latexit sha1_base64="ho9MBmyA21QcYKdNNq7iXGJJOhA=">AAACUnicfVJNSwMxFEzrV61Vqx69BIsgCGVXBD0WvHisYD+gW5Zs9rUNTXbX5K1Qlv5GQbz4Q7x4UNN2QW3FgcAwM48kkwSJFAYd57VQXFvf2NwqbZd3Krt7+9WDw7aJU82hxWMZ627ADEgRQQsFSugmGpgKJHSC8c3M7zyCNiKO7nGSQF+xYSQGgjO0kl8V3ohh5oGUU9+l3hAeqMfDGE3Ov121omTq3J3+O2MTSZ5w/GrNqTtz0FXi5qRGcjT96rMXxjxVECGXzJie6yTYz5hGwSVMy15qIGF8zIbQszRiCkw/m1cypadWCekg1nZFSOfqz4mMKWMmKrBJxXBklr2Z+JfXS3Fw3c9ElKQIEV9sNEglxZjO+qWh0MBRTixhXAt7VspHTDOO9hXKtgR3+cqrpH1Rd526e3dZazh5HSVyTE7IGXHJFWmQW9IkLcLJE3kjH+Sz8FJ4L9pfsogWC/nMEfmFYuULNuS0cQ==</latexit><latexit sha1_base64="ho9MBmyA21QcYKdNNq7iXGJJOhA=">AAACUnicfVJNSwMxFEzrV61Vqx69BIsgCGVXBD0WvHisYD+gW5Zs9rUNTXbX5K1Qlv5GQbz4Q7x4UNN2QW3FgcAwM48kkwSJFAYd57VQXFvf2NwqbZd3Krt7+9WDw7aJU82hxWMZ627ADEgRQQsFSugmGpgKJHSC8c3M7zyCNiKO7nGSQF+xYSQGgjO0kl8V3ohh5oGUU9+l3hAeqMfDGE3Ov121omTq3J3+O2MTSZ5w/GrNqTtz0FXi5qRGcjT96rMXxjxVECGXzJie6yTYz5hGwSVMy15qIGF8zIbQszRiCkw/m1cypadWCekg1nZFSOfqz4mMKWMmKrBJxXBklr2Z+JfXS3Fw3c9ElKQIEV9sNEglxZjO+qWh0MBRTixhXAt7VspHTDOO9hXKtgR3+cqrpH1Rd526e3dZazh5HSVyTE7IGXHJFWmQW9IkLcLJE3kjH+Sz8FJ4L9pfsogWC/nMEfmFYuULNuS0cQ==</latexit><latexit sha1_base64="ho9MBmyA21QcYKdNNq7iXGJJOhA=">AAACUnicfVJNSwMxFEzrV61Vqx69BIsgCGVXBD0WvHisYD+gW5Zs9rUNTXbX5K1Qlv5GQbz4Q7x4UNN2QW3FgcAwM48kkwSJFAYd57VQXFvf2NwqbZd3Krt7+9WDw7aJU82hxWMZ627ADEgRQQsFSugmGpgKJHSC8c3M7zyCNiKO7nGSQF+xYSQGgjO0kl8V3ohh5oGUU9+l3hAeqMfDGE3Ov121omTq3J3+O2MTSZ5w/GrNqTtz0FXi5qRGcjT96rMXxjxVECGXzJie6yTYz5hGwSVMy15qIGF8zIbQszRiCkw/m1cypadWCekg1nZFSOfqz4mMKWMmKrBJxXBklr2Z+JfXS3Fw3c9ElKQIEV9sNEglxZjO+qWh0MBRTixhXAt7VspHTDOO9hXKtgR3+cqrpH1Rd526e3dZazh5HSVyTE7IGXHJFWmQW9IkLcLJE3kjH+Sz8FJ4L9pfsogWC/nMEfmFYuULNuS0cQ==</latexit>

p̂1, · · · , p̂m, p̂m+1, · · · , p̂m+p
<latexit sha1_base64="VgoU4peqWKgBcPJ2RJo4W7WIDk4=">AAACUnicfVJNSwMxEM3Wr1qrrnr0EiyCYCm7Iuix4MVjBfsB3VKyabYNTbJLMiuUZX+jIF78IV48qGm7B23FgWQe782QyUvCRHADnvfmlDY2t7Z3yruVver+waF7dNwxcaopa9NYxLoXEsMEV6wNHATrJZoRGQrWDad3c737xLThsXqEWcIGkowVjzglYKmhy4MJgSyQBCaRJlOc5EO/jgM6isHYvCbK+jqXyUs//6/JFtjdrXkNbxF4HfgFqKEiWkP3JRjFNJVMARXEmL7vJTDIiAZOBcsrQWpYQuiUjFnfQkUkM4NsYUmOzy0zwlGs7VKAF+zPjoxIY2YytJXzSc2qNif/0vopRLeDjKskBabo8qAoFRhiPPcXj7hmFMTMAkI1t7NiOiGaULCvULEm+KtXXgedq4bvNfyH61rTK+woo1N0hi6Qj25QE92jFmojip7RO/pEX86r81Gyv2RZWnKKnhP0K0rVbylhtQs=</latexit><latexit sha1_base64="VgoU4peqWKgBcPJ2RJo4W7WIDk4=">AAACUnicfVJNSwMxEM3Wr1qrrnr0EiyCYCm7Iuix4MVjBfsB3VKyabYNTbJLMiuUZX+jIF78IV48qGm7B23FgWQe782QyUvCRHADnvfmlDY2t7Z3yruVver+waF7dNwxcaopa9NYxLoXEsMEV6wNHATrJZoRGQrWDad3c737xLThsXqEWcIGkowVjzglYKmhy4MJgSyQBCaRJlOc5EO/jgM6isHYvCbK+jqXyUs//6/JFtjdrXkNbxF4HfgFqKEiWkP3JRjFNJVMARXEmL7vJTDIiAZOBcsrQWpYQuiUjFnfQkUkM4NsYUmOzy0zwlGs7VKAF+zPjoxIY2YytJXzSc2qNif/0vopRLeDjKskBabo8qAoFRhiPPcXj7hmFMTMAkI1t7NiOiGaULCvULEm+KtXXgedq4bvNfyH61rTK+woo1N0hi6Qj25QE92jFmojip7RO/pEX86r81Gyv2RZWnKKnhP0K0rVbylhtQs=</latexit><latexit sha1_base64="VgoU4peqWKgBcPJ2RJo4W7WIDk4=">AAACUnicfVJNSwMxEM3Wr1qrrnr0EiyCYCm7Iuix4MVjBfsB3VKyabYNTbJLMiuUZX+jIF78IV48qGm7B23FgWQe782QyUvCRHADnvfmlDY2t7Z3yruVver+waF7dNwxcaopa9NYxLoXEsMEV6wNHATrJZoRGQrWDad3c737xLThsXqEWcIGkowVjzglYKmhy4MJgSyQBCaRJlOc5EO/jgM6isHYvCbK+jqXyUs//6/JFtjdrXkNbxF4HfgFqKEiWkP3JRjFNJVMARXEmL7vJTDIiAZOBcsrQWpYQuiUjFnfQkUkM4NsYUmOzy0zwlGs7VKAF+zPjoxIY2YytJXzSc2qNif/0vopRLeDjKskBabo8qAoFRhiPPcXj7hmFMTMAkI1t7NiOiGaULCvULEm+KtXXgedq4bvNfyH61rTK+woo1N0hi6Qj25QE92jFmojip7RO/pEX86r81Gyv2RZWnKKnhP0K0rVbylhtQs=</latexit>

p̂⌫ = [p̂T⌫ , v̂
T
⌫ ]

T
<latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit><latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit><latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit>

�n = p/n ! � > 0 as p, n ! 1.
<latexit sha1_base64="EhU8WRvfYEBYDy9DBCUHOc89E3c=">AAACLXicbVDLSsQwFE19juOr6tJNcBBcSG1FUBBlQBcuFZxxYDoMt5l0DCZpSVKhlPkhN/6KCC4UcetvmM504euQwMk593JzT5Rypo3vvzpT0zOzc/O1hfri0vLKqru23tZJpghtkYQnqhOBppxJ2jLMcNpJFQURcXoT3Z2V/s09VZol8trkKe0JGEoWMwLGSn33PByCENCX+ASnexKHJsETCZ9iH4fH5cFFqAQGPare6W5VyGRscq/edxu+54+B/5KgIg1U4bLvPoeDhGSCSkM4aN0N/NT0ClCGEU5H9TDTNAVyB0PatVSCoLpXjLcd4W2rDHCcKHulwWP1e0cBQutcRLZSgLnVv71S/M/rZiY+6hVMppmhkkwGxRnHdtMyOjxgihLDc0uAKGb/isktKCDGBlyGEPxe+S9p73uB7wVXB42mX8VRQ5toC+2gAB2iJrpAl6iFCHpAT+gVvTmPzovz7nxMSqecqmcD/YDz+QXhZqQt</latexit><latexit sha1_base64="EhU8WRvfYEBYDy9DBCUHOc89E3c=">AAACLXicbVDLSsQwFE19juOr6tJNcBBcSG1FUBBlQBcuFZxxYDoMt5l0DCZpSVKhlPkhN/6KCC4UcetvmM504euQwMk593JzT5Rypo3vvzpT0zOzc/O1hfri0vLKqru23tZJpghtkYQnqhOBppxJ2jLMcNpJFQURcXoT3Z2V/s09VZol8trkKe0JGEoWMwLGSn33PByCENCX+ASnexKHJsETCZ9iH4fH5cFFqAQGPare6W5VyGRscq/edxu+54+B/5KgIg1U4bLvPoeDhGSCSkM4aN0N/NT0ClCGEU5H9TDTNAVyB0PatVSCoLpXjLcd4W2rDHCcKHulwWP1e0cBQutcRLZSgLnVv71S/M/rZiY+6hVMppmhkkwGxRnHdtMyOjxgihLDc0uAKGb/isktKCDGBlyGEPxe+S9p73uB7wVXB42mX8VRQ5toC+2gAB2iJrpAl6iFCHpAT+gVvTmPzovz7nxMSqecqmcD/YDz+QXhZqQt</latexit><latexit sha1_base64="EhU8WRvfYEBYDy9DBCUHOc89E3c=">AAACLXicbVDLSsQwFE19juOr6tJNcBBcSG1FUBBlQBcuFZxxYDoMt5l0DCZpSVKhlPkhN/6KCC4UcetvmM504euQwMk593JzT5Rypo3vvzpT0zOzc/O1hfri0vLKqru23tZJpghtkYQnqhOBppxJ2jLMcNpJFQURcXoT3Z2V/s09VZol8trkKe0JGEoWMwLGSn33PByCENCX+ASnexKHJsETCZ9iH4fH5cFFqAQGPare6W5VyGRscq/edxu+54+B/5KgIg1U4bLvPoeDhGSCSkM4aN0N/NT0ClCGEU5H9TDTNAVyB0PatVSCoLpXjLcd4W2rDHCcKHulwWP1e0cBQutcRLZSgLnVv71S/M/rZiY+6hVMppmhkkwGxRnHdtMyOjxgihLDc0uAKGb/isktKCDGBlyGEPxe+S9p73uB7wVXB42mX8VRQ5toC+2gAB2iJrpAl6iFCHpAT+gVvTmPzovz7nxMSqecqmcD/YDz+QXhZqQt</latexit>

⌫
<latexit sha1_base64="S+JrPC45sA7KwqE2Zx67pty6cpY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkb+/YnRXCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelElh0Pe/vdLa+sbmVnm7srO7t39QPTxqm9RqxlsslanuRNRwKRRvoUDJO5nmNIkkf4zGNzP/8YlrI1L1gJOMhwkdKhELRtFJ9z1l+9WaX/fnIKskKEgNCjT71a/eIGU24QqZpMZ0Az/DMKcaBZN8WulZwzPKxnTIu44qmnAT5vNTp+TMKQMSp9qVQjJXf0/kNDFmkkSuM6E4MsveTPzP61qMr8NcqMwiV2yxKLaSYEpmf5OB0JyhnDhCmRbuVsJGVFOGLp2KCyFYfnmVtC/qgV8P7i5rDb+IowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WXmNxQ==</latexit><latexit sha1_base64="S+JrPC45sA7KwqE2Zx67pty6cpY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkb+/YnRXCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelElh0Pe/vdLa+sbmVnm7srO7t39QPTxqm9RqxlsslanuRNRwKRRvoUDJO5nmNIkkf4zGNzP/8YlrI1L1gJOMhwkdKhELRtFJ9z1l+9WaX/fnIKskKEgNCjT71a/eIGU24QqZpMZ0Az/DMKcaBZN8WulZwzPKxnTIu44qmnAT5vNTp+TMKQMSp9qVQjJXf0/kNDFmkkSuM6E4MsveTPzP61qMr8NcqMwiV2yxKLaSYEpmf5OB0JyhnDhCmRbuVsJGVFOGLp2KCyFYfnmVtC/qgV8P7i5rDb+IowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WXmNxQ==</latexit><latexit sha1_base64="S+JrPC45sA7KwqE2Zx67pty6cpY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkb+/YnRXCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelElh0Pe/vdLa+sbmVnm7srO7t39QPTxqm9RqxlsslanuRNRwKRRvoUDJO5nmNIkkf4zGNzP/8YlrI1L1gJOMhwkdKhELRtFJ9z1l+9WaX/fnIKskKEgNCjT71a/eIGU24QqZpMZ0Az/DMKcaBZN8WulZwzPKxnTIu44qmnAT5vNTp+TMKQMSp9qVQjJXf0/kNDFmkkSuM6E4MsveTPzP61qMr8NcqMwiV2yxKLaSYEpmf5OB0JyhnDhCmRbuVsJGVFOGLp2KCyFYfnmVtC/qgV8P7i5rDb+IowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WXmNxQ==</latexit>

`⌫ > 1 +
p
�

<latexit sha1_base64="IqpB7O9hMyBBoFWdWGYFtdYfiGo=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDciHMbTbJkt29c3dPCMc1Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzwpgzbTzv2yksLa+srhXXSxubW9s77u5eQ0eJIrROIh6pVgiaciZp3TDDaStWFETIaTMcXU/85gNVmkXyzoxj2hEwkKzPCBgrdd3DgHLeTQOZZPgK+6eBvlcmDQYgBGRdt+xVvCnwIvFzUkY5al33K+hFJBFUGsJB67bvxaaTgjKMcJqVgkTTGMgIBrRtqQRBdSedfpHhY6v0cD9StqTBU/X3RApC67EIbacAM9Tz3kT8z2snpn/ZSZmME0MlmS3qJxybCE8iwT2mKDF8bAkQxeytmAxBATE2uJINwZ9/eZE0ziq+V/Fvz8tVL4+jiA7QETpBPrpAVXSDaqiOCHpEz+gVvTlPzovz7nzMWgtOPrOP/sD5/AEKRpg3</latexit><latexit sha1_base64="IqpB7O9hMyBBoFWdWGYFtdYfiGo=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDciHMbTbJkt29c3dPCMc1Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzwpgzbTzv2yksLa+srhXXSxubW9s77u5eQ0eJIrROIh6pVgiaciZp3TDDaStWFETIaTMcXU/85gNVmkXyzoxj2hEwkKzPCBgrdd3DgHLeTQOZZPgK+6eBvlcmDQYgBGRdt+xVvCnwIvFzUkY5al33K+hFJBFUGsJB67bvxaaTgjKMcJqVgkTTGMgIBrRtqQRBdSedfpHhY6v0cD9StqTBU/X3RApC67EIbacAM9Tz3kT8z2snpn/ZSZmME0MlmS3qJxybCE8iwT2mKDF8bAkQxeytmAxBATE2uJINwZ9/eZE0ziq+V/Fvz8tVL4+jiA7QETpBPrpAVXSDaqiOCHpEz+gVvTlPzovz7nzMWgtOPrOP/sD5/AEKRpg3</latexit><latexit sha1_base64="IqpB7O9hMyBBoFWdWGYFtdYfiGo=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDciHMbTbJkt29c3dPCMc1Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzwpgzbTzv2yksLa+srhXXSxubW9s77u5eQ0eJIrROIh6pVgiaciZp3TDDaStWFETIaTMcXU/85gNVmkXyzoxj2hEwkKzPCBgrdd3DgHLeTQOZZPgK+6eBvlcmDQYgBGRdt+xVvCnwIvFzUkY5al33K+hFJBFUGsJB67bvxaaTgjKMcJqVgkTTGMgIBrRtqQRBdSedfpHhY6v0cD9StqTBU/X3RApC67EIbacAM9Tz3kT8z2snpn/ZSZmME0MlmS3qJxybCE8iwT2mKDF8bAkQxeytmAxBATE2uJINwZ9/eZE0ziq+V/Fvz8tVL4+jiA7QETpBPrpAVXSDaqiOCHpEz+gVvTlPzovz7nzMWgtOPrOP/sD5/AEKRpg3</latexit>

⇢⌫ = ⇢(`⌫ , �) , ⇢⌫n = ⇢(`⌫ , �n) , ⇢̇⌫ = ⇢̇(`⌫ , �) , ⇢̇⌫n = ⇢̇(`⌫ , �n)
<latexit sha1_base64="R4H4fyooRRuZ/O2PUaFm+cmvcLE="></latexit><latexit sha1_base64="R4H4fyooRRuZ/O2PUaFm+cmvcLE="></latexit><latexit sha1_base64="R4H4fyooRRuZ/O2PUaFm+cmvcLE="></latexit>

⇢(`, �) = `+ �
`

`� 1
, ⇢̇(`, �) =

@⇢(`, �)

@`
= 1� �

(`� 1)2
<latexit sha1_base64="AI1Pe0qR6dilHMM2wWHd4tUT6X0="></latexit><latexit sha1_base64="AI1Pe0qR6dilHMM2wWHd4tUT6X0="></latexit><latexit sha1_base64="AI1Pe0qR6dilHMM2wWHd4tUT6X0="></latexit>



i)

ii)

where 
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} Theorem 1: Assume Model M, and that is a simple eigenvalue. As     `⌫ > 1 +
p
�

<latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit>

p/n ! � > 0,
<latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit>

ˆ̀
⌫

a.s.�! ⇢⌫
<latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit><latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit><latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit>

p
n(ˆ̀⌫ � ⇢⌫n)

D�! N(0, �̃2
⌫)

<latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit><latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit><latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit>

�̃2
⌫ = 2⇢̇⌫`

2
⌫ + ⇢̇2⌫ [P⌫ ,] + ⇢̇2⌫ [P⌫ , ̌]

<latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit><latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit><latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit>

} Corollary 1: For Gaussian data, the asymptotic variance simplifies to

where

�̃2
⌫ = 2`2⌫ ⇢̇⌫

⇥
1� ⇢̇⌫

�
2`⌫trP

4
D,⌫ � tr(PD,⌫�PD,⌫)

2
�⇤

<latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit><latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit><latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit>

PD,⌫ = diag(p⌫,1, . . . , p⌫,m)
<latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit><latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit><latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit>

Gaussian, 
covariance

Non-Gaussian 
correction

Correlation correction 
(variance norm)

[P⌫ , A] =
X

i,j,i0,j0

P ⌫
iji0j0Aiji0j0

<latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit><latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit><latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit>

P ⌫
iji0j0 = p⌫,ip⌫,jp⌫,i0p⌫,j0

<latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit><latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit><latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit>

ij = E⇠̄i⇠̄j
<latexit sha1_base64="1N1Zc5J2IuePQhg/IUmONsPhe70=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IBRFcVrAXaEo4mU7aaScXZiZiCXkNN76KGxeKuNSVb+OkzaK2/jDw8Z9zmHN+L+ZMKsv6MUorq2vrG+XNytb2zu6euX/QklEiCG2SiEei44GknIW0qZjitBMLCoHHadsbX+f19gMVkkXhvZrEtBfAIGQ+I6C05ZqWM4Y4BjdlowzjK+wEoIaeh2+w44FInUeWuWyOR65ZtWrWVHgZ7AKqqFDDNb+cfkSSgIaKcJCya1ux6qUgFCOcZhUnkTQGMoYB7WoMIaCyl04vy/CJdvrYj4R+ocJTd34ihUDKSeDpznxxuVjLzf9q3UT5l72UhXGiaEhmH/kJxyrCeUy4zwQlik80ABFM74rJEAQQpcOs6BDsxZOXoXVWs62afXderVtFHGV0hI7RKbLRBaqjW9RATUTQE3pBb+jdeDZejQ/jc9ZaMoqZQ/RHxvcv7mugNQ==</latexit><latexit sha1_base64="1N1Zc5J2IuePQhg/IUmONsPhe70=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IBRFcVrAXaEo4mU7aaScXZiZiCXkNN76KGxeKuNSVb+OkzaK2/jDw8Z9zmHN+L+ZMKsv6MUorq2vrG+XNytb2zu6euX/QklEiCG2SiEei44GknIW0qZjitBMLCoHHadsbX+f19gMVkkXhvZrEtBfAIGQ+I6C05ZqWM4Y4BjdlowzjK+wEoIaeh2+w44FInUeWuWyOR65ZtWrWVHgZ7AKqqFDDNb+cfkSSgIaKcJCya1ux6qUgFCOcZhUnkTQGMoYB7WoMIaCyl04vy/CJdvrYj4R+ocJTd34ihUDKSeDpznxxuVjLzf9q3UT5l72UhXGiaEhmH/kJxyrCeUy4zwQlik80ABFM74rJEAQQpcOs6BDsxZOXoXVWs62afXderVtFHGV0hI7RKbLRBaqjW9RATUTQE3pBb+jdeDZejQ/jc9ZaMoqZQ/RHxvcv7mugNQ==</latexit><latexit sha1_base64="1N1Zc5J2IuePQhg/IUmONsPhe70=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJVEBN0IBRFcVrAXaEo4mU7aaScXZiZiCXkNN76KGxeKuNSVb+OkzaK2/jDw8Z9zmHN+L+ZMKsv6MUorq2vrG+XNytb2zu6euX/QklEiCG2SiEei44GknIW0qZjitBMLCoHHadsbX+f19gMVkkXhvZrEtBfAIGQ+I6C05ZqWM4Y4BjdlowzjK+wEoIaeh2+w44FInUeWuWyOR65ZtWrWVHgZ7AKqqFDDNb+cfkSSgIaKcJCya1ux6qUgFCOcZhUnkTQGMoYB7WoMIaCyl04vy/CJdvrYj4R+ocJTd34ihUDKSeDpznxxuVjLzf9q3UT5l72UhXGiaEhmH/kJxyrCeUy4zwQlik80ABFM74rJEAQQpcOs6BDsxZOXoXVWs62afXderVtFHGV0hI7RKbLRBaqjW9RATUTQE3pBb+jdeDZejQ/jc9ZaMoqZQ/RHxvcv7mugNQ==</latexit>

⇠̄i = ⇠i/�i
<latexit sha1_base64="/zBLy+MnODsGEzAbslFkYr4u/24=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUTEXQjFNy4rGAv0IQwmU7aoTNJmJmIJXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhz/jDlTGnH+bZKS8srq2vl9crG5tb2jr2711JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLye1Nv3VCqWxHd6lFJf4H7MIkawNlZgH3ohlrn3wMYBQ+gKGQrYqadYX+CABXbVqTlToUVwC6hCoUZgf3m9hGSCxppwrFTXdVLt51hqRjgdV7xM0RSTIe7TrsEYC6r8fHrGGB0bp4eiRJoXazR1f0/kWCg1EqHpFFgP1HxtYv5X62Y6uvRzFqeZpjGZLYoyjnSCJpmgHpOUaD4ygIlk5q+IDLDERJvkKiYEd/7kRWid1Vyn5t6eV+tOEUcZDuAITsCFC6jDDTSgCQQe4Rle4c16sl6sd+tj1lqyipl9+CPr8wdOe5hP</latexit><latexit sha1_base64="/zBLy+MnODsGEzAbslFkYr4u/24=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUTEXQjFNy4rGAv0IQwmU7aoTNJmJmIJXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhz/jDlTGnH+bZKS8srq2vl9crG5tb2jr2711JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLye1Nv3VCqWxHd6lFJf4H7MIkawNlZgH3ohlrn3wMYBQ+gKGQrYqadYX+CABXbVqTlToUVwC6hCoUZgf3m9hGSCxppwrFTXdVLt51hqRjgdV7xM0RSTIe7TrsEYC6r8fHrGGB0bp4eiRJoXazR1f0/kWCg1EqHpFFgP1HxtYv5X62Y6uvRzFqeZpjGZLYoyjnSCJpmgHpOUaD4ygIlk5q+IDLDERJvkKiYEd/7kRWid1Vyn5t6eV+tOEUcZDuAITsCFC6jDDTSgCQQe4Rle4c16sl6sd+tj1lqyipl9+CPr8wdOe5hP</latexit><latexit sha1_base64="/zBLy+MnODsGEzAbslFkYr4u/24=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUTEXQjFNy4rGAv0IQwmU7aoTNJmJmIJXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhz/jDlTGnH+bZKS8srq2vl9crG5tb2jr2711JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLye1Nv3VCqWxHd6lFJf4H7MIkawNlZgH3ohlrn3wMYBQ+gKGQrYqadYX+CABXbVqTlToUVwC6hCoUZgf3m9hGSCxppwrFTXdVLt51hqRjgdV7xM0RSTIe7TrsEYC6r8fHrGGB0bp4eiRJoXazR1f0/kWCg1EqHpFFgP1HxtYv5X62Y6uvRzFqeZpjGZLYoyjnSCJpmgHpOUaD4ygIlk5q+IDLDERJvkKiYEd/7kRWid1Vyn5t6eV+tOEUcZDuAITsCFC6jDDTSgCQQe4Rle4c16sl6sd+tj1lqyipl9+CPr8wdOe5hP</latexit>

iji0j0 = E[⇠̄i⇠̄j ⇠̄i0 ⇠̄j0 ]
� iji0j0 � ij0ji0 � ii0jj0

<latexit sha1_base64="4M0J+8LAuPX/3TSrgLiuMkgdPVs="></latexit><latexit sha1_base64="4M0J+8LAuPX/3TSrgLiuMkgdPVs="></latexit><latexit sha1_base64="4M0J+8LAuPX/3TSrgLiuMkgdPVs="></latexit>

Often positive



i)

ii)

where 

Asymptotic properties of spiked eigenvalues

31

} Theorem 1: Assume Model M, and that is a simple eigenvalue. As     `⌫ > 1 +
p
�

<latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit>

p/n ! � > 0,
<latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit>

ˆ̀
⌫

a.s.�! ⇢⌫
<latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit><latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit><latexit sha1_base64="7m644P06qNJWvl8axwZ/f0qveyc="></latexit>

p
n(ˆ̀⌫ � ⇢⌫n)

D�! N(0, �̃2
⌫)

<latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit><latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit><latexit sha1_base64="f/GU/B2IQ0m10kUbdzSdaPu9Kv4="></latexit>

�̃2
⌫ = 2⇢̇⌫`

2
⌫ + ⇢̇2⌫ [P⌫ ,] + ⇢̇2⌫ [P⌫ , ̌]

<latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit><latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit><latexit sha1_base64="ct4VJm4vkumWEKrjeTzNn11HBnI="></latexit>

} Corollary 1: For Gaussian data, the asymptotic variance simplifies to

where

�̃2
⌫ = 2`2⌫ ⇢̇⌫

⇥
1� ⇢̇⌫

�
2`⌫trP

4
D,⌫ � tr(PD,⌫�PD,⌫)

2
�⇤

<latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit><latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit><latexit sha1_base64="LjfGcIut/9cE6bkRFOzdQOQdxq0="></latexit>

PD,⌫ = diag(p⌫,1, . . . , p⌫,m)
<latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit><latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit><latexit sha1_base64="zH2z+A1EnYLq1yBRep20NYtzJhc=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxChVKSIuhGKOjCZQV7gSaEyXTaDp2ZhJmJUELew42v4saFIq4EF76NkzYLbf1h4Oc753Dm/GHMqNKO822trK6tb2yWtsrbO7t7+/bBYUdFicSkjSMWyV6IFGFUkLammpFeLAniISPdcHKd17sPRCoaiXs9jYnP0UjQIcVIGxTYjVaQ3tQ8kWTwCqae5HBA0SirxkFqYM3Nah4bRFrVCsCzs8CuOHVnJrhs3MJUQKFWYH96gwgnnAiNGVKq7zqx9lMkNcWMZGUvUSRGeIJGpG+sQJwoP53dlsFTQwZwGEnzhIYz+nsiRVypKQ9NJ0d6rBZrOfyv1k/08NJPqYgTTQSeLxomDOoI5kGZHCTBmk3zQLCk5q8Qj5FEWJs4yyYEd/HkZdNp1F2n7t6dV5pOEUcJHIMTUAUuuABNcAtaoA0weATP4BW8WU/Wi/VufcxbV6xi5gj8kfX1A5SEoHU=</latexit>

Gaussian, 
covariance

Non-Gaussian 
correction

Correlation correction 
(variance norm)

[P⌫ , A] =
X

i,j,i0,j0

P ⌫
iji0j0Aiji0j0

<latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit><latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit><latexit sha1_base64="VzE6FOaeJ9/GkdNLyE1XhdK8/0c=">AAACKXicbVDNS8MwHE39nPNr6tFLcMg8jNGKoBdhw4vHCe4D2jrSLN2ypWlJUmGU/jte/Fe8KCjq1X/EdCuimw8CL+/9fiTveRGjUpnmh7G0vLK6tl7YKG5ube/slvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxleZ37knQtKQ36pJRNwADTj1KUZKS71S3XYCpIYYsaSZ3jk8rjZceAkdGQe9hFZHVVqpjiopbGaeVka0kl0bP7RXKps1cwq4SKyclEGOZq/04vRDHAeEK8yQlLZlRspNkFAUM5IWnViSCOExGhBbU44CIt1kmjSFx1rpQz8U+nAFp+rvjQQFUk4CT09mseS8l4n/eXas/As3oTyKFeF49pAfM6hCmNUG+1QQrNhEE4QF1X+FeIgEwkqXW9QlWPORF0n7tGaZNevmrFw38zoK4BAcgRNggXNQB9egCVoAgwfwBF7Bm/FoPBvvxudsdMnIdw7AHxhf31SJpVo=</latexit>

P ⌫
iji0j0 = p⌫,ip⌫,jp⌫,i0p⌫,j0

<latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit><latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit><latexit sha1_base64="1NGGwgLSjx3HGsTlQdRJxcVHLd0=">AAACI3icbZDLSsNAFIYnXmu9RV26GSwSF1ISERRBKLhxWcFeoI1hMp20004mYWYilJB3ceOruHGhFDcufBenbby1/jDw8Z9zOHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3LqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw1/cDWuN+6JkDTit2oYEzdEXU4DipHSlmdeVO/aPPFS2qdW38rgJYy9VDvHNPui/jdR68e0Ms8s2WV7IjgPTg4lkKvqmaN2J8JJSLjCDEnZcuxYuSkSimJGsmI7kSRGeIC6pKWRo5BIN53cmMFD7XRgEAn9uIIT9/dEikIph6GvO0OkenK2Njb/q7USFZy7KeVxogjH00VBwqCK4Dgw2KGCYMWGGhAWVP8V4h4SCCsda1GH4MyePA/1k7Jjl52b01LFzuMogH1wAI6AA85ABVyDKqgBDB7AE3gBr8aj8WyMjLdp64KRz+yBPzI+PgHMHqOu</latexit>

̌iji0j0 = Cov( ij , i0j0)

� Cov( ij ,�i0j0)� Cov(�ij , i0j0)
<latexit sha1_base64="e6zgToFj5bYg6fq3eawBR51zgF4="></latexit><latexit sha1_base64="e6zgToFj5bYg6fq3eawBR51zgF4="></latexit><latexit sha1_base64="e6zgToFj5bYg6fq3eawBR51zgF4="></latexit>

�ij = ⇠̄i⇠̄j
<latexit sha1_base64="BoGO2n2bfHxXAoGoABl3oJXSWlY=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclUQE3QgFNy4r2Ac0IUymk3baySTMTMQS8gFu/BU3LhRx6we482+ctlnU1gMDh3PO5c49QcKZ0rb9Y62srq1vbJa2yts7u3v7lYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c3Ebz9QqVgs7vU4oV6E+4KFjGBtJL9SdcmA+Rkb5ugauQGWmfvIcp/N8aFJ2TV7CrRMnIJUoUDDr3y7vZikERWacKxU17ET7WVYakY4zctuqmiCyQj3addQgSOqvGx6TI5OjdJDYSzNExpN1fmJDEdKjaPAJCOsB2rRm4j/ed1Uh1dexkSSairIbFGYcqRjNGkG9ZikRPOxIZhIZv6KyABLTLTpr2xKcBZPXiat85pj15y7i2rdLuoowTGcwBk4cAl1uIUGNIHAE7zAG7xbz9ar9WF9zqIrVjFzBH9gff0C1JObaw==</latexit><latexit sha1_base64="BoGO2n2bfHxXAoGoABl3oJXSWlY=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclUQE3QgFNy4r2Ac0IUymk3baySTMTMQS8gFu/BU3LhRx6we482+ctlnU1gMDh3PO5c49QcKZ0rb9Y62srq1vbJa2yts7u3v7lYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c3Ebz9QqVgs7vU4oV6E+4KFjGBtJL9SdcmA+Rkb5ugauQGWmfvIcp/N8aFJ2TV7CrRMnIJUoUDDr3y7vZikERWacKxU17ET7WVYakY4zctuqmiCyQj3addQgSOqvGx6TI5OjdJDYSzNExpN1fmJDEdKjaPAJCOsB2rRm4j/ed1Uh1dexkSSairIbFGYcqRjNGkG9ZikRPOxIZhIZv6KyABLTLTpr2xKcBZPXiat85pj15y7i2rdLuoowTGcwBk4cAl1uIUGNIHAE7zAG7xbz9ar9WF9zqIrVjFzBH9gff0C1JObaw==</latexit><latexit sha1_base64="BoGO2n2bfHxXAoGoABl3oJXSWlY=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclUQE3QgFNy4r2Ac0IUymk3baySTMTMQS8gFu/BU3LhRx6we482+ctlnU1gMDh3PO5c49QcKZ0rb9Y62srq1vbJa2yts7u3v7lYPDlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0c3Ebz9QqVgs7vU4oV6E+4KFjGBtJL9SdcmA+Rkb5ugauQGWmfvIcp/N8aFJ2TV7CrRMnIJUoUDDr3y7vZikERWacKxU17ET7WVYakY4zctuqmiCyQj3addQgSOqvGx6TI5OjdJDYSzNExpN1fmJDEdKjaPAJCOsB2rRm4j/ed1Uh1dexkSSairIbFGYcqRjNGkG9ZikRPOxIZhIZv6KyABLTLTpr2xKcBZPXiat85pj15y7i2rdLuoowTGcwBk4cAl1uIUGNIHAE7zAG7xbz9ar9WF9zqIrVjFzBH9gff0C1JObaw==</latexit>

 ij = ij(⇠̄
2
i + ⇠̄2j )/2

<latexit sha1_base64="FxSchQkF6fAdWM1lm/ZyLlTzMoE=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDpTBF0oFNy4rGAf0GmHO2naxmZmQpIRy9CfceOvuHFhEcGVv2L6ALX1wIWTc+4l9x5fcKa0bX9aqaXlldW19HpmY3Nreye7u1dVUSwJrZCIR7Lug6KchbSimea0LiSFwOe05vevx37tgUrFovBODwRtBtANWYcR0EbyspeuUMxL2P0Q4yvs9kEImD7zrg8ycR/Z0GOtIj7JYPyj3LeKx6dFL5uzC/YEeJE4M5JDM5S97MhtRyQOaKgJB6Uaji10MwGpGeF0mHFjRQWQPnRpw9AQAqqayeTKIT4ySht3Imkq1Hii/p5IIFBqEPimMwDdU/PeWPzPa8S6c9FMWChiTUMy/agTc6wjPI4Mt5mkRPOBIUAkM7ti0gMJRJtgMyYEZ/7kRVItFhy74Nye5Ur2LI40OkCHKI8cdI5K6AaVUQUR9IRe0BsaWc/Wq/VufUxbU9ZsZh/9gfX1Df1do5c=</latexit><latexit sha1_base64="FxSchQkF6fAdWM1lm/ZyLlTzMoE=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDpTBF0oFNy4rGAf0GmHO2naxmZmQpIRy9CfceOvuHFhEcGVv2L6ALX1wIWTc+4l9x5fcKa0bX9aqaXlldW19HpmY3Nreye7u1dVUSwJrZCIR7Lug6KchbSimea0LiSFwOe05vevx37tgUrFovBODwRtBtANWYcR0EbyspeuUMxL2P0Q4yvs9kEImD7zrg8ycR/Z0GOtIj7JYPyj3LeKx6dFL5uzC/YEeJE4M5JDM5S97MhtRyQOaKgJB6Uaji10MwGpGeF0mHFjRQWQPnRpw9AQAqqayeTKIT4ySht3Imkq1Hii/p5IIFBqEPimMwDdU/PeWPzPa8S6c9FMWChiTUMy/agTc6wjPI4Mt5mkRPOBIUAkM7ti0gMJRJtgMyYEZ/7kRVItFhy74Nye5Ur2LI40OkCHKI8cdI5K6AaVUQUR9IRe0BsaWc/Wq/VufUxbU9ZsZh/9gfX1Df1do5c=</latexit><latexit sha1_base64="FxSchQkF6fAdWM1lm/ZyLlTzMoE=">AAACJXicbVDLSgMxFM3UV62vqks3wSJUhDpTBF0oFNy4rGAf0GmHO2naxmZmQpIRy9CfceOvuHFhEcGVv2L6ALX1wIWTc+4l9x5fcKa0bX9aqaXlldW19HpmY3Nreye7u1dVUSwJrZCIR7Lug6KchbSimea0LiSFwOe05vevx37tgUrFovBODwRtBtANWYcR0EbyspeuUMxL2P0Q4yvs9kEImD7zrg8ycR/Z0GOtIj7JYPyj3LeKx6dFL5uzC/YEeJE4M5JDM5S97MhtRyQOaKgJB6Uaji10MwGpGeF0mHFjRQWQPnRpw9AQAqqayeTKIT4ySht3Imkq1Hii/p5IIFBqEPimMwDdU/PeWPzPa8S6c9FMWChiTUMy/agTc6wjPI4Mt5mkRPOBIUAkM7ti0gMJRJtgMyYEZ/7kRVItFhy74Nye5Ur2LI40OkCHKI8cdI5K6AaVUQUR9IRe0BsaWc/Wq/VufUxbU9ZsZh/9gfX1Df1do5c=</latexit>

Often positive



i)

ii)

where                            with

Asymptotic properties of spiked eigenvectors
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} Theorem 2: Assume Model M, and that  is a simple eigenvalue. As     `⌫ > 1 +
p
�

<latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit><latexit sha1_base64="Htp4T/dRVsJTe5HSWeauAvTP5nI=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3ImglARvLCOYDckeY22ySJbt75+6eEI40Nv4VGwtFbP0Pdv4bN8kVmvhg4PHeDDPzooQzbTzv2yksLa+srhXXSxubW9s77u5eQ8epIrROYh6rVgSaciZp3TDDaStRFETEaTMaXk/85gNVmsXyzowSGgroS9ZjBIyVOu5hQDnvBDLFV9jHpzjQ98pkQR+EgHHHLXsVbwq8SPyclFGOWsf9CroxSQWVhnDQuu17iQkzUIYRTselINU0ATKEPm1bKkFQHWbTL8b42Cpd3IuVLWnwVP09kYHQeiQi2ynADPS8NxH/89qp6V2GGZNJaqgks0W9lGMT40kkuMsUJYaPLAGimL0VkwEoIMYGV7Ih+PMvL5LGWcX3Kv7tebnq5XEU0QE6QifIRxeoim5QDdURQY/oGb2iN+fJeXHenY9Za8HJZ/bRHzifP+Y0l38=</latexit>

p/n ! � > 0,
<latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit><latexit sha1_base64="3TfKXVhZDXSmD3AjCSsns80dIo8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSE1E0JUU3LisYB/QhHIznbRDZyZhZiKEUH/FjQtF3Poh7vwbp4+Fth64cDjnXu69J0o508bzvp2V1bX1jc3SVnl7Z3dv3z04bOkkU4Q2ScIT1YlAU84kbRpmOO2kioKIOG1Ho9uJ336kSrNEPpg8paGAgWQxI2Cs1HMr6bnEgUlwMAAhAN9g76znVr2aNwVeJv6cVNEcjZ77FfQTkgkqDeGgddf3UhMWoAwjnI7LQaZpCmQEA9q1VIKgOiymx4/xiVX6OE6ULWnwVP09UYDQOheR7RRghnrRm4j/ed3MxNdhwWSaGSrJbFGccWyfnSSB+0xRYnhuCRDF7K2YDEEBMTavsg3BX3x5mbQuar5X8+8vq3VvHkcJHaFjdIp8dIXq6A41UBMRlKNn9IrenCfnxXl3PmatK858poL+wPn8ATQ4kxw=</latexit>

} Corollary 2: For Gaussian data, the asymptotic covariance simplifies to ,

where                                                 and 

hp̂⌫ , p⌫i2
a.s.��! ⇢̇⌫`⌫/⇢⌫

<latexit sha1_base64="4FjKG9ddxzLYgRMroqa6sdFisTg="></latexit><latexit sha1_base64="4FjKG9ddxzLYgRMroqa6sdFisTg="></latexit><latexit sha1_base64="4FjKG9ddxzLYgRMroqa6sdFisTg="></latexit>

⌃⌫ = D⌫⌃̃⌫D⌫
<latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit><latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit><latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit>

D⌫ =
mX

k 6=⌫

(`⌫ � `k)
�1eke

T
k

<latexit sha1_base64="D28p9PXguS39CiYHSKU5HCYNzhc="></latexit><latexit sha1_base64="D28p9PXguS39CiYHSKU5HCYNzhc="></latexit><latexit sha1_base64="D28p9PXguS39CiYHSKU5HCYNzhc="></latexit>

⌃̃⌫,kl = ⇢̇�1
⌫ `k`⌫ �k,l + [Pk⌫l⌫ ,] + [Pk⌫l⌫ , ̌]

<latexit sha1_base64="FlsHGWbqCQSO7BKuxNPFvmE2S0U="></latexit><latexit sha1_base64="FlsHGWbqCQSO7BKuxNPFvmE2S0U="></latexit><latexit sha1_base64="FlsHGWbqCQSO7BKuxNPFvmE2S0U="></latexit>

⌃⌫ = D⌫⌃̃⌫D⌫
<latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit><latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit><latexit sha1_base64="qu4QUflz2PYoaBON+xwM+XYyYo4=">AAACInicbVBLSwMxGMzWV62vVY9egkXwVHZFUA9CQQ8eK9oHdJclm03b0CS7JFmhLP0tXvwrXjwo6knwx5hu99CHA4HJzHwk34QJo0o7zo9VWlldW98ob1a2tnd29+z9g5aKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBm4refiFQ0Fo96lBCfo76gPYqRNlJgX3kPtM9R4IkUXsPMw4jB23F+9TRlEYEzgTk/sKtOzckBl4lbkCoo0AjsLy+KccqJ0Jghpbquk2g/Q1JTzMi44qWKJAgPUZ90DRWIE+Vn+YpjeGKUCPZiaY7QMFdnJzLElRrx0CQ50gO16E3E/7xuqnuXfkZFkmoi8PShXsqgjuGkLxhRSbBmI0MQltT8FeIBkghr02rFlOAurrxMWmc116m59+fVulPUUQZH4BicAhdcgDq4Aw3QBBg8g1fwDj6sF+vN+rS+p9GSVcwcgjlYv3/ClqMg</latexit>

⌃̃⌫ =
`⌫
⇢̇⌫

L+ (`⌫I + L)
�
1
2Z � `⌫Y

�
(`⌫I + L) + `⌫(`

2
⌫Y � LYL)

<latexit sha1_base64="9O9NkO/xWFtdXA1gCocNB1lhvuI="></latexit><latexit sha1_base64="9O9NkO/xWFtdXA1gCocNB1lhvuI="></latexit><latexit sha1_base64="9O9NkO/xWFtdXA1gCocNB1lhvuI="></latexit>

Z = PTPD,⌫(� � �)PD,⌫P
<latexit sha1_base64="Vjukssv/vkUXgrjimIipGtJFBgE=">AAACJXicbVDLSgMxFM34tr6qLt1cLIKClBkRdKEgKOiyQqtip5Y7adoGk8yQZIQy9Gfc+CtuXCgiuPJXTB+L2nogcHLOuST3RIngxvr+tzc1PTM7N7+wmFtaXlldy69v3Jg41ZRVaCxifRehYYIrVrHcCnaXaIYyEuw2ejzv+bdPTBseq7LtJKwmsaV4k1O0TqrnT7KQooD7LpwClB7KUKpnF/uhSruwG16ilAgh5ZoCDG57I4FSPV/wi34fMEmCISmQIVz+I2zENJVMWSrQmGrgJ7aWobacCtbNhalhCdJHbLGqowolM7Wsv2UXdpzSgGas3VEW+uroRIbSmI6MXFKibZtxryf+51VT2zyuZVwlqWWKDh5qpgJsDL3KoME1o1Z0HEGqufsr0DZqpNYVm3MlBOMrT5Kbg2LgF4Prw8KZP6xjgWyRbbJLAnJEzsgVKZEKoeSZvJJ38uG9eG/ep/c1iE55w5lN8gfezy+g4aI2</latexit><latexit sha1_base64="Vjukssv/vkUXgrjimIipGtJFBgE=">AAACJXicbVDLSgMxFM34tr6qLt1cLIKClBkRdKEgKOiyQqtip5Y7adoGk8yQZIQy9Gfc+CtuXCgiuPJXTB+L2nogcHLOuST3RIngxvr+tzc1PTM7N7+wmFtaXlldy69v3Jg41ZRVaCxifRehYYIrVrHcCnaXaIYyEuw2ejzv+bdPTBseq7LtJKwmsaV4k1O0TqrnT7KQooD7LpwClB7KUKpnF/uhSruwG16ilAgh5ZoCDG57I4FSPV/wi34fMEmCISmQIVz+I2zENJVMWSrQmGrgJ7aWobacCtbNhalhCdJHbLGqowolM7Wsv2UXdpzSgGas3VEW+uroRIbSmI6MXFKibZtxryf+51VT2zyuZVwlqWWKDh5qpgJsDL3KoME1o1Z0HEGqufsr0DZqpNYVm3MlBOMrT5Kbg2LgF4Prw8KZP6xjgWyRbbJLAnJEzsgVKZEKoeSZvJJ38uG9eG/ep/c1iE55w5lN8gfezy+g4aI2</latexit><latexit sha1_base64="Vjukssv/vkUXgrjimIipGtJFBgE=">AAACJXicbVDLSgMxFM34tr6qLt1cLIKClBkRdKEgKOiyQqtip5Y7adoGk8yQZIQy9Gfc+CtuXCgiuPJXTB+L2nogcHLOuST3RIngxvr+tzc1PTM7N7+wmFtaXlldy69v3Jg41ZRVaCxifRehYYIrVrHcCnaXaIYyEuw2ejzv+bdPTBseq7LtJKwmsaV4k1O0TqrnT7KQooD7LpwClB7KUKpnF/uhSruwG16ilAgh5ZoCDG57I4FSPV/wi34fMEmCISmQIVz+I2zENJVMWSrQmGrgJ7aWobacCtbNhalhCdJHbLGqowolM7Wsv2UXdpzSgGas3VEW+uroRIbSmI6MXFKibZtxryf+51VT2zyuZVwlqWWKDh5qpgJsDL3KoME1o1Z0HEGqufsr0DZqpNYVm3MlBOMrT5Kbg2LgF4Prw8KZP6xjgWyRbbJLAnJEzsgVKZEKoeSZvJJ38uG9eG/ep/c1iE55w5lN8gfezy+g4aI2</latexit>
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Non-diagonal 
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Subcritical case
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} Theorem 3: Assume Model M, and that is a simple eigenvalue. As     

} Derivations leverage technical approaches from (Paul, 2007) and (Bai and Yao, 2008)

} Results are “correlation” versions of a set of theorems in (Paul, 2007), which considered covariance matrices and Gaussian data
} Parallel results (with consistent notation) given for covariance matrices and non-Gaussian data in the companion review notes:

I. M. Johnstone and J. Yang, “Notes on asymptotics of sample eigenstructure for spiked covariance models with non-Gaussian data”.  ArXiv: 1810.10427, 2019.
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Setup (Standard steps)

} Similar to the analysis of spiked covariance models (e.g., Bai and Yao, 2008), the derivations involve computing 
deterministic (almost sure) limits and CLTs for matrix-valued quadratic forms.

} Define the partition:

} Partitioning of eigenvector equation                       along with                            gives:

} From the second equation , which gives for the first equation:

} Hence,      is an eigenvalue of        ,   with associate eigenvector 

R = diag(S)�1/2 S diag(S)�1/2 = n�1
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2

X̄2X̄T
1 X̄2X̄T

2

�

<latexit sha1_base64="WG21usKM485XolDkgnyRjZsPWsg="></latexit><latexit sha1_base64="WG21usKM485XolDkgnyRjZsPWsg="></latexit><latexit sha1_base64="WG21usKM485XolDkgnyRjZsPWsg="></latexit>

R p̂⌫ = ˆ̀
⌫ p̂⌫

<latexit sha1_base64="RMfqmiVHBNk/TaiNqXN+OME/EYA=">AAACMHicbVDLSsNAFJ3UV62vqks3g0VwISURQTdCwYUuq9gHNCFMpjft0MkkzEyEEvJJbvwU3Sgo4tavcNpmoa0HBg7nnMvce4KEM6Vt+80qLS2vrK6V1ysbm1vbO9XdvbaKU0mhRWMey25AFHAmoKWZ5tBNJJAo4NAJRlcTv/MAUrFY3OtxAl5EBoKFjBJtJL96fYfdE+wOicaZGxE9DCUZ4ST3XZHiy5nhAud+ZoQczycruMj61Zpdt6fAi8QpSA0VaPrVZ7cf0zQCoSknSvUcO9FeRqRmlENecVMFCaEjMoCeoYJEoLxsenCOj4zSx2EszRMaT9XfExmJlBpHgUlONlXz3kT8z+ulOrzwMiaSVIOgs4/ClGMd40l7uM8kUM3HhhAqmdkV0yGRhGrTccWU4MyfvEjap3XHrju3Z7WGXdRRRgfoEB0jB52jBrpBTdRCFD2iF/SOPqwn69X6tL5m0ZJVzOyjP7C+fwANaKha</latexit><latexit sha1_base64="RMfqmiVHBNk/TaiNqXN+OME/EYA=">AAACMHicbVDLSsNAFJ3UV62vqks3g0VwISURQTdCwYUuq9gHNCFMpjft0MkkzEyEEvJJbvwU3Sgo4tavcNpmoa0HBg7nnMvce4KEM6Vt+80qLS2vrK6V1ysbm1vbO9XdvbaKU0mhRWMey25AFHAmoKWZ5tBNJJAo4NAJRlcTv/MAUrFY3OtxAl5EBoKFjBJtJL96fYfdE+wOicaZGxE9DCUZ4ST3XZHiy5nhAud+ZoQczycruMj61Zpdt6fAi8QpSA0VaPrVZ7cf0zQCoSknSvUcO9FeRqRmlENecVMFCaEjMoCeoYJEoLxsenCOj4zSx2EszRMaT9XfExmJlBpHgUlONlXz3kT8z+ulOrzwMiaSVIOgs4/ClGMd40l7uM8kUM3HhhAqmdkV0yGRhGrTccWU4MyfvEjap3XHrju3Z7WGXdRRRgfoEB0jB52jBrpBTdRCFD2iF/SOPqwn69X6tL5m0ZJVzOyjP7C+fwANaKha</latexit><latexit sha1_base64="RMfqmiVHBNk/TaiNqXN+OME/EYA=">AAACMHicbVDLSsNAFJ3UV62vqks3g0VwISURQTdCwYUuq9gHNCFMpjft0MkkzEyEEvJJbvwU3Sgo4tavcNpmoa0HBg7nnMvce4KEM6Vt+80qLS2vrK6V1ysbm1vbO9XdvbaKU0mhRWMey25AFHAmoKWZ5tBNJJAo4NAJRlcTv/MAUrFY3OtxAl5EBoKFjBJtJL96fYfdE+wOicaZGxE9DCUZ4ST3XZHiy5nhAud+ZoQczycruMj61Zpdt6fAi8QpSA0VaPrVZ7cf0zQCoSknSvUcO9FeRqRmlENecVMFCaEjMoCeoYJEoLxsenCOj4zSx2EszRMaT9XfExmJlBpHgUlONlXz3kT8z+ulOrzwMiaSVIOgs4/ClGMd40l7uM8kUM3HhhAqmdkV0yGRhGrTccWU4MyfvEjap3XHrju3Z7WGXdRRRgfoEB0jB52jBrpBTdRCFD2iF/SOPqwn69X6tL5m0ZJVzOyjP7C+fwANaKha</latexit>

p̂⌫ = [p̂T⌫ , v̂
T
⌫ ]

T
<latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit><latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit><latexit sha1_base64="H+hoaG3rMo12WaeMg1VOs4avay4=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgupCQiKIJQcOOyQl+QpGEynbRDJ5MwMymU0H9x46+4caEUNy78FydpFtp6YeA87uXOPUHCqFSW9WWsrW9sbm1Xdqq7e/sHh+bRcUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgh97sTIiSNeUtNE+JFaMhpSDFSWvLNO3eEFMzcCKlRKNAYJjPf5Sm8h07hJDnrt+AlhAWflNzrt3yzZtWtouAqsEtQA2U1fXPuDmKcRoQrzJCUjm0lysuQUBQzMqu6qSQJwmM0JI6GHEVEellx4wyea2UAw1joxxUs1N8TGYqknEaB7sxvkcteLv7nOakKb72M8iRVhOPFojBlUMUwDwwOqCBYsakGCAuq/wrxCAmElY61qkOwl09eBZ2rum3V7afrWsMq46iAU3AGLoANbkADPIImaAMMnsEreAcfxovxZsyNz0XrmlHOnIA/ZXz/AKqiovE=</latexit>

X̄1X̄
T
1 p̂⌫ + X̄1X̄

T
2 v̂⌫ = ˆ̀

⌫ p̂⌫

X2X̄
T
1 p̂⌫ + X̄2X̄

T
2 v̂⌫ = ˆ̀

⌫ v̂⌫
<latexit sha1_base64="W9wuAUDX0U8BoCnwQA2OioeD9aQ="></latexit><latexit sha1_base64="W9wuAUDX0U8BoCnwQA2OioeD9aQ="></latexit><latexit sha1_base64="W9wuAUDX0U8BoCnwQA2OioeD9aQ="></latexit>

v̂⌫ = (ˆ̀⌫Ip � X̄2X̄
T
2 )

�1X̄2X̄
T
1 p̂⌫

<latexit sha1_base64="7RPOhxAed7SPYI1vM+/n6rZIaoE="></latexit><latexit sha1_base64="7RPOhxAed7SPYI1vM+/n6rZIaoE="></latexit><latexit sha1_base64="7RPOhxAed7SPYI1vM+/n6rZIaoE="></latexit>

K(ˆ̀⌫)p̂⌫ = ˆ̀
⌫ p̂⌫

<latexit sha1_base64="T4aboe2/Av2es6iA2jn5zY9zKAw=">AAACI3icbVDLSsNAFL2pr1pfUZduBotQNyURQRGEghvBTQX7gCaEyXTaDp1MwsxEKKH/4sZfceNCKW5c+C9O2yxq64ELZ865l7n3hAlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7RArypmgDc00p+1EUhyFnLbC4d3Ubz1TqVgsnvQooX6E+4L1GMHaSIF981DxBlgjj3IeZJ5Ix+doJiSBeaBbtOQumIFddqrODGiVuDkpQ456YE+8bkzSiApNOFaq4zqJ9jMsNSOcjkteqmiCyRD3acdQgSOq/Gx24xidGaWLerE0JTSaqYsTGY6UGkWh6YywHqhlbyr+53VS3bv2MyaSVFNB5h/1Uo50jKaBoS6TlGg+MgQTycyuiAywxESbWEsmBHf55FXSvKi6TtV9vCzXnDyOIpzAKVTAhSuowT3UoQEEXuANPuDTerXerYn1NW8tWPnMMfyB9fMLlgCjlA==</latexit><latexit sha1_base64="T4aboe2/Av2es6iA2jn5zY9zKAw=">AAACI3icbVDLSsNAFL2pr1pfUZduBotQNyURQRGEghvBTQX7gCaEyXTaDp1MwsxEKKH/4sZfceNCKW5c+C9O2yxq64ELZ865l7n3hAlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7RArypmgDc00p+1EUhyFnLbC4d3Ubz1TqVgsnvQooX6E+4L1GMHaSIF981DxBlgjj3IeZJ5Ix+doJiSBeaBbtOQumIFddqrODGiVuDkpQ456YE+8bkzSiApNOFaq4zqJ9jMsNSOcjkteqmiCyRD3acdQgSOq/Gx24xidGaWLerE0JTSaqYsTGY6UGkWh6YywHqhlbyr+53VS3bv2MyaSVFNB5h/1Uo50jKaBoS6TlGg+MgQTycyuiAywxESbWEsmBHf55FXSvKi6TtV9vCzXnDyOIpzAKVTAhSuowT3UoQEEXuANPuDTerXerYn1NW8tWPnMMfyB9fMLlgCjlA==</latexit><latexit sha1_base64="T4aboe2/Av2es6iA2jn5zY9zKAw=">AAACI3icbVDLSsNAFL2pr1pfUZduBotQNyURQRGEghvBTQX7gCaEyXTaDp1MwsxEKKH/4sZfceNCKW5c+C9O2yxq64ELZ865l7n3hAlnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjpopTSWiDxDyW7RArypmgDc00p+1EUhyFnLbC4d3Ubz1TqVgsnvQooX6E+4L1GMHaSIF981DxBlgjj3IeZJ5Ix+doJiSBeaBbtOQumIFddqrODGiVuDkpQ456YE+8bkzSiApNOFaq4zqJ9jMsNSOcjkteqmiCyRD3acdQgSOq/Gx24xidGaWLerE0JTSaqYsTGY6UGkWh6YywHqhlbyr+53VS3bv2MyaSVFNB5h/1Uo50jKaBoS6TlGg+MgQTycyuiAywxESbWEsmBHf55FXSvKi6TtV9vCzXnDyOIpzAKVTAhSuowT3UoQEEXuANPuDTerXerYn1NW8tWPnMMfyB9fMLlgCjlA==</latexit>

K(t) = X1X̄
T
1 +X1X̄

T
2 (tIp �X2X̄

T
2 )

�1X2X̄
T
1

<latexit sha1_base64="RSui8LQQoIzk98rb5j7o9DtgbF4="></latexit><latexit sha1_base64="RSui8LQQoIzk98rb5j7o9DtgbF4="></latexit><latexit sha1_base64="RSui8LQQoIzk98rb5j7o9DtgbF4="></latexit>

ˆ̀
⌫

<latexit sha1_base64="lTogqI4/obrYJFH+5DAnyos2V3U=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhLDZbtqlm03YnRVq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPz4lxwDZ737VQ2Nre2d6q7tb39g8O6e3Tc1ZlRlHVoJjLVj4lmgkvWAQ6C9XPFSBoL1osnt3O/98iU5pl8gGnOwpSMJE84JWClyK0HYwI4YEJERSDNLHIbXtNbAK8TvyQNVKIduV/BMKMmZRKoIFoPfC+HsCAKOBVsVguMZjmhEzJiA0slSZkOi8XhM3xulSFOMmVLAl6ovycKkmo9TWPbmRIY61VvLv7nDQwkN2HBZW6ASbpclBiBIcPzFPCQK0ZBTC0hVHF7K6ZjoggFm1XNhuCvvrxOupdN32v691eNllfGUUWn6AxdIB9doxa6Q23UQRQZ9Ixe0Zvz5Lw4787HsrXilDMn6A+czx/DO5MX</latexit><latexit sha1_base64="lTogqI4/obrYJFH+5DAnyos2V3U=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhLDZbtqlm03YnRVq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPz4lxwDZ737VQ2Nre2d6q7tb39g8O6e3Tc1ZlRlHVoJjLVj4lmgkvWAQ6C9XPFSBoL1osnt3O/98iU5pl8gGnOwpSMJE84JWClyK0HYwI4YEJERSDNLHIbXtNbAK8TvyQNVKIduV/BMKMmZRKoIFoPfC+HsCAKOBVsVguMZjmhEzJiA0slSZkOi8XhM3xulSFOMmVLAl6ovycKkmo9TWPbmRIY61VvLv7nDQwkN2HBZW6ASbpclBiBIcPzFPCQK0ZBTC0hVHF7K6ZjoggFm1XNhuCvvrxOupdN32v691eNllfGUUWn6AxdIB9doxa6Q23UQRQZ9Ixe0Zvz5Lw4787HsrXilDMn6A+czx/DO5MX</latexit><latexit sha1_base64="lTogqI4/obrYJFH+5DAnyos2V3U=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhLDZbtqlm03YnRVq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPz4lxwDZ737VQ2Nre2d6q7tb39g8O6e3Tc1ZlRlHVoJjLVj4lmgkvWAQ6C9XPFSBoL1osnt3O/98iU5pl8gGnOwpSMJE84JWClyK0HYwI4YEJERSDNLHIbXtNbAK8TvyQNVKIduV/BMKMmZRKoIFoPfC+HsCAKOBVsVguMZjmhEzJiA0slSZkOi8XhM3xulSFOMmVLAl6ovycKkmo9TWPbmRIY61VvLv7nDQwkN2HBZW6ASbpclBiBIcPzFPCQK0ZBTC0hVHF7K6ZjoggFm1XNhuCvvrxOupdN32v691eNllfGUUWn6AxdIB9doxa6Q23UQRQZ9Ixe0Zvz5Lw4787HsrXilDMn6A+czx/DO5MX</latexit>

K(ˆ̀⌫)
<latexit sha1_base64="2FHIETmZsuBEbesLlLaHlPNY7Ug=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF8FLBfsBTQib7aRdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6acKe0439ba+sbm1nZlp7q7t39waB/VuirJJIUOTXgi+yFRwJmAjmaaQz+VQOKQQy+c3Mz83iNIxRLxoKcp+DEZCRYxSrSRArt21/DGRGMPOA9yT2TFeWDXnaYzB14lbknqqEQ7sL+8YUKzGISmnCg1cJ1U+zmRmlEORdXLFKSETsgIBoYKEoPy8/ntBT4zyhBHiTQlNJ6rvydyEis1jUPTGRM9VsveTPzPG2Q6uvZzJtJMg6CLRVHGsU7wLAg8ZBKo5lNDCJXM3IrpmEhCtYmrakJwl19eJd2Lpus03fvLessp46igE3SKGshFV6iFblEbdRBFT+gZvaI3q7BerHfrY9G6ZpUzx+gPrM8fLI+T0Q==</latexit><latexit sha1_base64="2FHIETmZsuBEbesLlLaHlPNY7Ug=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF8FLBfsBTQib7aRdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6acKe0439ba+sbm1nZlp7q7t39waB/VuirJJIUOTXgi+yFRwJmAjmaaQz+VQOKQQy+c3Mz83iNIxRLxoKcp+DEZCRYxSrSRArt21/DGRGMPOA9yT2TFeWDXnaYzB14lbknqqEQ7sL+8YUKzGISmnCg1cJ1U+zmRmlEORdXLFKSETsgIBoYKEoPy8/ntBT4zyhBHiTQlNJ6rvydyEis1jUPTGRM9VsveTPzPG2Q6uvZzJtJMg6CLRVHGsU7wLAg8ZBKo5lNDCJXM3IrpmEhCtYmrakJwl19eJd2Lpus03fvLessp46igE3SKGshFV6iFblEbdRBFT+gZvaI3q7BerHfrY9G6ZpUzx+gPrM8fLI+T0Q==</latexit><latexit sha1_base64="2FHIETmZsuBEbesLlLaHlPNY7Ug=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIoMeCF8FLBfsBTQib7aRdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6acKe0439ba+sbm1nZlp7q7t39waB/VuirJJIUOTXgi+yFRwJmAjmaaQz+VQOKQQy+c3Mz83iNIxRLxoKcp+DEZCRYxSrSRArt21/DGRGMPOA9yT2TFeWDXnaYzB14lbknqqEQ7sL+8YUKzGISmnCg1cJ1U+zmRmlEORdXLFKSETsgIBoYKEoPy8/ntBT4zyhBHiTQlNJ6rvydyEis1jUPTGRM9VsveTPzPG2Q6uvZzJtJMg6CLRVHGsU7wLAg8ZBKo5lNDCJXM3IrpmEhCtYmrakJwl19eJd2Lpus03fvLessp46igE3SKGshFV6iFblEbdRBFT+gZvaI3q7BerHfrY9G6ZpUzx+gPrM8fLI+T0Q==</latexit>

p̂⌫
<latexit sha1_base64="OKBe1wouPrLSqdmYZpfDsmA1VUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48V7Ac2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nt3O/+8S1EYl6wGnKg5iOlIgEo2ilR39MkaQDX2WDas2tuwuQdeIVpAYFWoPqlz9MWBZzhUxSY/qem2KQU42CST6r+JnhKWUTOuJ9SxWNuQnyxcUzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1M4xuglyoNEOu2HJRlEmCCZm/T4ZCc4ZyagllWthbCRtTTRnakCo2BG/15XXSuap7bt27v6413SKOMpzBOVyCBw1owh20oA0MFDzDK7w5xnlx3p2PZWvJKWZO4Q+czx9BvpCT</latexit><latexit sha1_base64="OKBe1wouPrLSqdmYZpfDsmA1VUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48V7Ac2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nt3O/+8S1EYl6wGnKg5iOlIgEo2ilR39MkaQDX2WDas2tuwuQdeIVpAYFWoPqlz9MWBZzhUxSY/qem2KQU42CST6r+JnhKWUTOuJ9SxWNuQnyxcUzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1M4xuglyoNEOu2HJRlEmCCZm/T4ZCc4ZyagllWthbCRtTTRnakCo2BG/15XXSuap7bt27v6413SKOMpzBOVyCBw1owh20oA0MFDzDK7w5xnlx3p2PZWvJKWZO4Q+czx9BvpCT</latexit><latexit sha1_base64="OKBe1wouPrLSqdmYZpfDsmA1VUA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48V7Ac2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nt3O/+8S1EYl6wGnKg5iOlIgEo2ilR39MkaQDX2WDas2tuwuQdeIVpAYFWoPqlz9MWBZzhUxSY/qem2KQU42CST6r+JnhKWUTOuJ9SxWNuQnyxcUzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1M4xuglyoNEOu2HJRlEmCCZm/T4ZCc4ZyagllWthbCRtTTRnakCo2BG/15XXSuap7bt27v6413SKOMpzBOVyCBw1owh20oA0MFDzDK7w5xnlx3p2PZWvJKWZO4Q+czx9BvpCT</latexit>



Technical challenge – (Normalized) matrix quadradic forms

} The derivations involve computing deterministic (almost sure) limits and CLTs for the matrix-valued quadratic form:

} The main difference to the covariance case is that the data matrix is variance-normalized, creating new dependencies

} CLT result:  As 

where         is a symmetric Gaussian matrix with entries          having zero-mean and covariance    

} Derivation involves extension of a martingale CLT approach of Baik and Silverstein (in Appendix of Capitaine, Donati-Martin, Feral 2009) 
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D. Morales-Jimenez, I. M. Johnstone, M. R. M., and J. Yang, “Asymptotics of eigenstructure of sample correlation matrices for high-dimensional spiked models”, to appear in Statistica Sinica.
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W ⌫
ij

<latexit sha1_base64="RWpk5KViAgB4lhWqibUKc+y/mh4=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLgxmUF+4Amlsl00o6dTMI8hBLyG25cKOLWn3Hn3zhts9DWAxcO59zLvfdEGWdKe963U1lb39jcqm7Xdnb39g/cw6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkZuZ3n6hULBX3eprRMMEjwWJGsLZS0B3k7LF4yANhioFb9xreHGiV+CWpQ4nWwP0KhikxCRWacKxU3/cyHeZYakY4LWqBUTTDZIJHtG+pwAlVYT6/uUBnVhmiOJW2hEZz9fdEjhOlpklkOxOsx2rZm4n/eX2j4+swZyIzmgqyWBQbjnSKZgGgIZOUaD61BBPJ7K2IjLHERNuYajYEf/nlVdK5aPhew7+7rDe9Mo4qnMApnIMPV9CEW2hBGwhk8Ayv8OYY58V5dz4WrRWnnDmGP3A+fwCSEZH2</latexit><latexit sha1_base64="RWpk5KViAgB4lhWqibUKc+y/mh4=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLgxmUF+4Amlsl00o6dTMI8hBLyG25cKOLWn3Hn3zhts9DWAxcO59zLvfdEGWdKe963U1lb39jcqm7Xdnb39g/cw6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkZuZ3n6hULBX3eprRMMEjwWJGsLZS0B3k7LF4yANhioFb9xreHGiV+CWpQ4nWwP0KhikxCRWacKxU3/cyHeZYakY4LWqBUTTDZIJHtG+pwAlVYT6/uUBnVhmiOJW2hEZz9fdEjhOlpklkOxOsx2rZm4n/eX2j4+swZyIzmgqyWBQbjnSKZgGgIZOUaD61BBPJ7K2IjLHERNuYajYEf/nlVdK5aPhew7+7rDe9Mo4qnMApnIMPV9CEW2hBGwhk8Ayv8OYY58V5dz4WrRWnnDmGP3A+fwCSEZH2</latexit><latexit sha1_base64="RWpk5KViAgB4lhWqibUKc+y/mh4=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiQi6LLgxmUF+4Amlsl00o6dTMI8hBLyG25cKOLWn3Hn3zhts9DWAxcO59zLvfdEGWdKe963U1lb39jcqm7Xdnb39g/cw6OOSo0ktE1SnspehBXlTNC2ZprTXiYpTiJOu9HkZuZ3n6hULBX3eprRMMEjwWJGsLZS0B3k7LF4yANhioFb9xreHGiV+CWpQ4nWwP0KhikxCRWacKxU3/cyHeZYakY4LWqBUTTDZIJHtG+pwAlVYT6/uUBnVhmiOJW2hEZz9fdEjhOlpklkOxOsx2rZm4n/eX2j4+swZyIzmgqyWBQbjnSKZgGgIZOUaD61BBPJ7K2IjLHERNuYajYEf/nlVdK5aPhew7+7rDe9Mo4qnMApnIMPV9CEW2hBGwhk8Ayv8OYY58V5dz4WrRWnnDmGP3A+fwCSEZH2</latexit>

Cov[W ⌫
ij ,W

⌫
i0j0 ] =

⇢2⌫
`2⌫ ⇢̇⌫

(ij0ji0 + ii0jj0) +
⇢2⌫
`2⌫

(iji0j0 + ̌iji0j0)
<latexit sha1_base64="iERLjbnZwl3PzYEFUde2rE1w7UI="></latexit><latexit sha1_base64="iERLjbnZwl3PzYEFUde2rE1w7UI="></latexit><latexit sha1_base64="iERLjbnZwl3PzYEFUde2rE1w7UI="></latexit>

W ⌫
<latexit sha1_base64="x1YNpjMX6IsG++zedmhVSY2Dv6g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48VbFNoY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4F+uHkdu77T6g0T+SDmaYYxHQkecQZNVby/ce8L7PZoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHujFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4qy+vk85V3XPr3v11rekWcZThDM7hEjxoQBPuoAVtYDCBZ3iFNyd1Xpx352PZWnKKmVP4A+fzB36Rj5o=</latexit><latexit sha1_base64="x1YNpjMX6IsG++zedmhVSY2Dv6g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48VbFNoY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4F+uHkdu77T6g0T+SDmaYYxHQkecQZNVby/ce8L7PZoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHujFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4qy+vk85V3XPr3v11rekWcZThDM7hEjxoQBPuoAVtYDCBZ3iFNyd1Xpx352PZWnKKmVP4A+fzB36Rj5o=</latexit><latexit sha1_base64="x1YNpjMX6IsG++zedmhVSY2Dv6g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48VbFNoY9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fiko5NMMWyzRCSqG1KNgktsG24EdlOFNA4F+uHkdu77T6g0T+SDmaYYxHQkecQZNVby/ce8L7PZoFpz6+4CZJ14BalBgdag+tUfJiyLURomqNY9z01NkFNlOBM4q/QzjSllEzrCnqWSxqiDfHHujFxYZUiiRNmShizU3xM5jbWexqHtjKkZ61VvLv7n9TIT3QQ5l2lmULLloigTxCRk/jsZcoXMiKkllClubyVsTBVlxiZUsSF4qy+vk85V3XPr3v11rekWcZThDM7hEjxoQBPuoAVtYDCBZ3iFNyd1Xpx352PZWnKKmVP4A+fzB36Rj5o=</latexit>

p
n
⇥
K(⇢⌫n)� n�1trBn(⇢⌫n)�

⇤ D�! W ⌫
<latexit sha1_base64="GDBpNjmY1jUwe00nRO9tMkfGv9Y="></latexit><latexit sha1_base64="GDBpNjmY1jUwe00nRO9tMkfGv9Y="></latexit><latexit sha1_base64="GDBpNjmY1jUwe00nRO9tMkfGv9Y="></latexit>



Other application involving high-
dimensional covariance matrices



Maximum entropy model inference using MPF-BML method

Number of sequences (samples): 
~103 – 104

Number of protein residues (variables):
~102 – 103

Available E2 data

…ASHEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNVARC…

! " ~$ " =
exp −* "

+

* " =,
-./

0

ℎ- 2- +,
-./

0

,
4.-5/

0

6-4 2-, 24 , + =,
"8
exp −* "′

Statistical model: 
Maximum entropy (prevalence) model

Fitness Prevalence

Empirical
distribution

p0
MPF

BML

Probability 
distribution

space ph*,J*

ph,J

Evolved
distributions

Maximum
entropy

distributions

:;<=, >;<= = argmin
E,F

KL($J||$E,F;M) + O/|>|/ + OP|>|P

KL $J||$E,F;M

≈ ,
R, -, S

exp
1
2 2VR, -W/ 05S − 1 ,

4, R

VR, 4W/ 05R 6-4 X, Y − ℎ-(X)

Sequence data Maximum entropy 
model Predicted fitness

Framework for model inference (MPF-BML)

:∗, >∗ = arg min
:,>

KL $J | $:,>)

max [ = −,
"

$ " log $ "

s.t. ,
"

$(") = 1

,
"

$ " a 2-, X = $-bRc X

,
"

$ " a 2-, X a 2-, Y = $-4bRc X, Y

Maximum entropy formulation

…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…

…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…
…ASDEGSFT…

Solution:

37
R. H. Y. Louie, K. J. Kaczorowski, J. P. Barton, A. K. Chakraborty, M. R. M., “Fitness landscape of the human immunodeficiency virus envelope protein that is targeted by antibodies,” PNAS, 115 (2018)

…ASNEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNPARC…
…ASDEGSFTNVARC…



Within-host viral evolution model

38

Protein data bank, https://www.rcsb.org/
(PDB ID: 4MWF)

Mean escape time

Escape resistance of antibodies

A. A. Quadeer, R. H. Y. Louie, and M. R. M., “Identifying immunologically-vulnerable regions of the HCV E2 glycoprotein and broadly neutralizing antibodies that target them”, Nature Communications 10 (2019).

Using maximum entropy model to identify escape-resistant Hepatitis C antibodies

https://www.rcsb.org/
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