Edgeworth and confidence interval correction in
spiked PCA

lain Johnstone & Jeha Yang

Statistics & Biomedical Data Science, Stanford & Two Sigma

Shanghai, December 10, 2019



Edgeworth and confidence interval correction in
spiked PCA

lain Johnstone & Jeha Yang

Statistics & Biomedical Data Science, Stanford & Two Sigma

Shanghai, December 10, 2019




Viral protein mutations and spiked models

Multiple sequence
alignment
M ~ 200-700 residues

N ~ 700-3000 sequences

Pearson
correlation
matrix

Statistical noise
——

Identifying number
of significant PCs

Sample PCs

PC2 PC1
;E !

Residues

Thresholding

v

PC2 PC1
z

Residues

= Group 1 of co-evolving
residues

= Group 2 of co-evolving
residues

= Statistical noise

Iterative

procedure
—

Robust estimation
of a PCs

S
g m

1 [
Residues

Quadeer et. al

Sector 2

3D structure

. PLOS Comp. Bio. 2018



Viral protein mutations and spiked models

Multiple sequence
alignment
M ~ 200-700 residues

N ~ 700-3000 sequences

Pearson
correlation
matrix

i
B |
1
Identifying number '

tatistical no Ny
S ERSiGaInaise  of significant PCs \
1
! ]
z |

3

r § os '
o P '
— 1
o |
0 2 4 6 |
1
'
l “ i
1
- 1
Sample PCs Robust estimation |
5 of a PCs |
nmé 000 '
= Group 1 of co-evolving ]
8 residues \
a = Group 2 of co-evolving I
1 ) M residues 1
Residues = Statistical noise i
'
Ly lThresholding |
1
'
- = )
Q I' Iterative Eh '
o > o )
o o !
& |asilh & 1
1
' Residues " " Residues " I
1
1
'

Quadeer et. al

Sector 2

3D structure

. PLOS Comp. Bio. 2018




A suggestive simulation on correlation matrices

[David Morales, Matt McKay]

p1=02; pa=0.1 2nd eigenvalue
2-st Leading Eigenvalue 2-st Leading Eigenvalue
7=0.2, N =300,N1 =10, simEIe sEks =[2.8, 1.9], deg. spks =[0.8, 0.9] 7y =0.2, N =300, N1 =30, simple spks =[6.8, 3.9], deg. spks = [0.8, 0.9]

Histogram of the sample ei of the sample ei
T T T T T

: T T ES T T T
mean = 2.305 [2.322
s std =0.053 [0.054] (0.89 xPaul)
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std =0.126 [0.125] (0.89 xPaul)
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Theoretical variance is pretty accurate, but there seems to be a shift in the mean (similar to what we’ve
seen before in the eigenvector projections of sample covariance when spikes were close to each other)
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High dimensional spiked PCA model
> Data: X = [xq - xp] with
5ty X Npia (0,5)

» Large dimensional asymptotic regime : as n — oo,

Yn = p/n — v € (0,00)
» Spiked eigenstructure of X : for a fixed r,

> >l >1=lyy = =lpy
~———
Spikes

> Statistics : eigenvalues of sample covariance matrix X' X/n

N

p1 2> 2 Ppt1

— w.l.o.g. X is diagonal



Largest Eigenvalue p1: Numerical illustration
p = 200, n = 800 [i.e. v =p/n=0.25]

subcritical  critical supercritical
Spike h=/¢-1: 0, 0.25, hy =05, 0.75, 1.

29



Finite rank model, K = 1: phase transition

¥ = diag((1,1,...,1) _

Interior point transition at /1 = 1+ ,/7:
[Baik—Ben Arous—Peché,05]

A, Tracy-Widom
/ n **fluctuation

1+’

Critical point: 1+/y



Finite rank model, K = 1: phase transition

¥ = diag((1,1,...,1) _

Interior point transition at /1 = 1+ ,/7:
[Baik—Ben Arous—Peché,05]

A

1
Gaussian
. n *fluctuation
. \b|as
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1+m)’

Critical point: 1+ /y ()



Largest Eigenvalue p1: Numerical illustration

p =200, n =800 [i.e. v» = p/n = 0.25]

subcritical  critical supercritical
Spike h= 0, 0.25, hy =05, 0.75, L.




Largest eigenvalue: Phase transition
Different rates, limit distributions:

p1 — 1(vn) D
For h < \/v: n?/3 [] = TW;,
\F T('Yn) g

o1 — h '7n)
For h > /v : nt/? {pl plh, ]
v o(h,7m)

o

N(0,1)



Largest eigenvalue: Phase transition
Different rates, limit distributions:

For h < /v: n?/3 [ﬁl;(f/;n(;")]

p1 — p(h,Vn)
F h> . 1/2 P1 p( s In
or VY n [J(

2 Tw,

o

N(0,1)

|

2

Statistical physics lit, 94-
Baik-Ben Arous-Peche(05)
, Paul (07) Baik-Silverstein
(06), Bloemendal-Virag
(11) Mo (11) , Wang (12)
Benaych-Georges-Guionnet-

h,’}/n)
with
p(hy) = (1+h) (1+7)  o2(hr) =20+ h? (1~ 5)
p(£,) fy
1+
/ (=1+h
1 Ly ()

‘ (bulky ‘

Maida (11)



Normal approximation — multiple spikes

> Assume that all spikes are simple, supercritical :
b > >0 >14/y
> Asymptotic mutual independence:

with Pkn ‘= P(eka%), Okn = 0(€k77n),

Okn

(Zkn)k=1,-..,r = (nl/z(pk_pk")> = N(0, 1)
PR

Shi (2013)



Edgeworth approximations



Inaccuracy of approximations : 2, associated with ¢, = 2.7

(nynl) = (400,1,(2.7)) (nyynil) = (400,1,(2.7,2.2))
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Traditional Edgeworth

(Smooth function of) means model: Petrov, 1975, Hall, 1992

1
NK2p

Sn =

n
an,- indep, mean 0, € RY, d fixed
i=1
1o ;
Rjn = — ZEX,J”- moments
1

First order expansion:

P (Sn < x) = ®(x) + n2p(x)$(x) + o(n~V/?)

—k3n Ha(x
p = 2B g — e

Kap

skewness correction



Single spike, first order expansion for p;

210 = n'?(p1 — p1n)/01n
Theorem In spiked model, hy =03 —1 > /4, 7, = p/n,

P (215 < x) = B(x) + 02 p1p(x)(x) + o(n~'/?),

uniformly in x € R, with

pin(x) = —agnHa(x)—aon

aon = aa(h ):Qﬂ
2n 2\N1,%n 3 (h%—’}/n)3/2’

h+1
apn = ag(h1,vn) = Yn !

V2 (h% - 7n)3/2



Coefficients of Edgeworth expansion for single-spike

V2 W+ h+ 1
a2(h1,7n): ? 1 Yn _ Yn 1

L5 hom) = 2n S
=y ol = a e

» Larger for “harder” cases i.e. larger v and smaller h (> /7)

> Larger than the fixed p case i.e. v =10, as = v/2/3, ag =0
Muirhead-Chikuse (1975)

» Empirically reasonable if

9a2 h3 2
9a; _ ( 12+7)3 <02
2. n(hi—7)



Single Spike Simulation

(n, y, I-factor) = (50,0.1,0.3) (n, y, I-factor) = (50,1,0.3)
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Edgeworth for multiple spikes



Eigenvalues are repulsive!

(n,yal) =(400,1,(2.7,2.2)) (n.ynl) =(400,1,(2.7,2.4)) (nyn ) = (400,1,(3.2,2.7))

00 01 02 03 04 05

Density
00 01 02 03 04 05
\
Density
00 01 02 03 04 05
\
\

2 2 -1 0 1 2 3 4

> joint density of (p1,- -+, fpa(p+1)) has a Jacobian factor
L1117 - 4l
i<j
— pushes eigenvalues apart
» But, not visible at leading order (for supercritical spikes:)

(2/(,7)/(:17...7, = N(O, /r)



Multi spike, first order expansion for py
2 = 1" (Pk — pin)/ Tk
Theorem In spiked model, hy = £ —1> /7, vn=p/n,
P (2 < x) = O(x) + 0~ 2pyy(x)(x) + o(nH?),
uniformly in x € R, with

pin(x) = —a2(hi, Yn)Ha(x) — oo,k (h,vn)

\/> h3 + Yn

a2(hi, vn) = 7,
3 (hg —m)*?

1 he+1
aok(h, ) = ﬁ(hik 1/2[ +Z hy — h]



Interpretation

Edgeworth corrected density
¢ + n_l/z(a2H3 =+ 040H1)¢

Relative to single spike case:  ap unchanged, but

1

he +1 h;
Aag = agk(h,vn) — ao(hk,7n) = —= ’
(b0 = aolhes) = D g,
» Aag > 0, e.g. smaller spikes h; < hy, push density to right,
conversely for Aag < 0
> closer spikes = larger effect

» additive in ¢, j # k



Repulsion example 1 : 2, associated with ¢, = 2.7

(o) = (400,1,2.7)) (n,70))) = (400,1,(2.7[212))
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Figure: Density of 2, associated with ¢, = 2.7



Repulsion example 2 : histograms of (px)x=1.... , together

= (400,0.5,(822:7,2:2))

= = Normal
— Edgeworth

(nvn,l)

(n,1n)) = (400,0.5,(217,2:2))

= = Normal
— Edgeworth
®

Density

3.0 3.5

Density

‘II

28 30 32 34 36 38 40 42

o>

A
P

Blue, red, green vertical lines correspond to pi1,, p2n, P3n, respectively



Explaining the Repulsion Correction



Perturbation setup

Recall l1>--- >4, >1+\/y>1=l1=-=lpn1
Focus on fx:  n1X'Xvi = prwi,

Ly
b —1

P = prn = Pl vn) = L+
Permute columns:
X = [\/EZI, 2225/2] 2o = d|ag(£(k)7 1,.---, ]_)

Population eigenvalues of ¥5:

r—1 1
Hwy = (1— 5 )51+p26@j=51+p1HA
Jj#k




Standard first steps

n X Xvie = prvi X = [lxZy, 2,537
n1Z,Y,5, = UNU U e O(n), A=diag(\1 > ---\»)

z=UZ ~N(0,l,) zIL A  (Gaussian assumptions!)

Schur complement, Woodbury formula, resolvent,..
R(x) = (N — xl,)7?
= Key equation:

(Pk — pin)[L + Len™ 12 Renz] = —Liprnln 2 R(pkn)z + €, ']



The Forward Map H — F, 4

Silverstein equation:  H probability measure on R, v > 0,

1 t
z(m):—+’y/1+tde(t), me CT

z(m) = z has unique solution m(z) for z € C*, and

m(2) —/)\izdF()\) — me(2)
defines (Stieltjes transform of) a probability distribution F = F, 4.
Population: X, H, = F*r = %250,
Sample: B, = n_:lZprZ[’J FBn = %26&.

If Hy=H, p/n—~y FP"=F

(Marcenko-Pastur-Bai-Silverstein)



Stochastic Decomposition

NNz =0ty F(AN)ZE =0 D AN+ 2S,(f)

Sa(F) =n"12Y " F(N)(Z - 1) (A L z)

P00 = [ O () [ ) < [ FaFn]

= Fana (F) + 171 G(f)

deterministic equiv. Bai-Silverstein CLT

n2f(N)z = F, pm,(F) + n~YV2S5,(F) + n71G,(f)



Perturbing the centering
H="46 + p_lHA From Wang-Silverstein-Yao, 2014

Fym(F) = Fy(F) + ntA(f) + O(n™?)




Evaluating A,(gkn)
In WSY 14, set H < H(k)n =01+ %Zj;ék(ézj — 51)

(2) — gn(2) = (k= )7L, w(m) = Xy (T — )

gkn—zl/ztj(mdm_ h2 th—h

repulsion term

o<y¢|

A

R
B/




Back to n71Z'R(pin)z

—R(pkn) = —(/\ — pk,,/n)il = gkn(/\)

Decomposition:

—n"'2'R(pin)z = Fy, (8kn) + 1~/ 50(gkn) + 1 Da(gkn)

Dn(gkn) = Gn(8kn) + An(gin) + O(n 1)
= aok(h,vn) + Zkn,

since, from Bai-Silverstein CLT

’Ynhk
Gn(gkn) = I~y n Zkn, 5 n) = 75  _ o
(8kn) = Hy,(8kn) + Zk [y, (8kn) (hi — Yp)?

bulk term



Key linearization

n'2(pk — pkn) _ Snlgkn) + 12Dyl gkn)
Tkn oknFr,(g2,) + h.o.t.

Zkn =

Delta method for Edgeworth expansion, + conditioning
P{2 < x} = E{P{Sn(ghn) < yn(x)IA}} + o(n1/?)
Final steps:

» Edgeworth expansion (conditional on A)

» uncondition; identify terms



Edgeworth (conditional on A )

Sn(gkn) =n! ZXni Xni = Cni(z,'2 - ]-) Cni = gkn(Ai)

From e.g. Petrov 1975, n.i.d. case:

Rjn _ Ha(y) _
{HzanXm <y‘ } Rgézﬁ 26 ¢(y)+o(n 1/2)

Cumulants: Rjn = kjn 137 c,’;i = ijwn(g‘/('n) + 0(n~1/?)

quadratic term:

Fin _ V2 hi+n
B23 (- )2

+0(nY?) = aa(hi, 7n) + O(n~Y/?)



Assembling pieces

Oé2(hk, 'Yn) H2(Yn)
Jn 6

P{5n < x} =E |®(y,) — ¢(yn) + o(n"1/?)

1 . .
VYn = yn(x) =x— mDn(gk,,) repulsive shift

1
f_f2nﬁ

= X —

[dO,k(hv 'Yn) + an]

~ %) — aOk(h-/ ’Yn) x
E®(y,) ~ &(x) NG ¢(x)

Final result:

P{2kn < x} = ®(x)— H2éY)

ok(h;vn) | P(x)+o(n~

1
— h
\/ﬁ 042( k?



Confidence intervals after selection



Inference for supercritical spikes

Below bulk edge:

Even for supercritical #y,

P{px < b(7)} can be significant! /

— inference after selection of supercritical spikes
Selection rule: select all gy, k =1,---,F such that

Pk > 0= b(yn) + n~ Y3 /7,
Consistent: P(f=r)=1—-0o(n"™), meN
Minimal conditioning: Liu-Markovic-Tibshirani (2018)

ﬁk’ﬁk>9n



Pivots

Exact distribution of p:
Fkn(X,E) = Pl(ﬁk > X)
Exact pivot given pyx > 0,:

Frn(pi, £
k(P £) = Figgkz; ~ U(0,1)  forall £

Approach:
1. Approximate Fy, by Gaussian, Edgeworth, ...

2. Form approximate pivots  uj (p, £) ~ U(0,1)
3. Confidence intervals:  {¢x > 1+ /7 : up(px.£) € I}



Pivots ctd.
(e >1+7 : ol (pr,£) €1}

[ [0,1—qa] upper
| [e/2,1— /2] two-sided...

Usually £, — uf (pk, £) is monotone



Pivots ctd.
{b >1+ 7 ¢ up(pr,2) €1}

[0,1—qa] upper
[@/2,1 — /2] two-sided...

Usually £, — uf (pk, £) is monotone

Gaussian example:

Fun(x,0) ~ S(z(x.0x)), 2o, 0) = nt/2X—PL60n)

U(Za ’Yn)
— Selective Z pivot:

(Zn(ﬁhgk))
(zn(0n, €k))

up(Prs i) =

ol el



Edgeworth pivots

Edgeworth approximation
Slen(x,£) = D(x) + 072 pi(x; £, 70)$(x)

— Selective E pivot: [estimated £ : /AJ = pn1(5))]

—F . -~
q)kn(zn(pka gk)y e)
7E A,
<I>kn(zf7(9f77 fk)7 E)

ulfn(ﬁv gk) =

Positive (E) pivot:

R . =E . -
uE (p,lk) if ®pp(zn(Pk, LK), ) > 0
uz(p,lx)  otherwise

ulljn([)v gk) = {



Coverage accuracy

Theorem: Uniformly in « € [0,1], forany 1 < k <'r,

P{u(p) < | px > 6} —

_ O(n71/2) for U(ﬁ) = uﬁ(ﬁkvék)a
~\o(n7Y2)  for u(p) = ub, (B, k), ub (B, L)

» Consequence of the Edgeworth expansion

» also holds for clipped pivots ((u(p) vV 0) A1)



Numerical coverage — 2
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Numerical coverage — 2 spikes

(n,yn) = (400,1)
K-S :h=25 Upper : he=2.5 Lower : h=2.5
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» Repulsion stronger for closer spikes — worse approximations

> selective E(0) has " < 0 with prob > 5% in tough cases:
h=(2.0,15),(2.5,2.0)

» Positive pivot(+) usually fixes this!



Future work

» Other models, e.g. low rank denoising
r
X = Zékukuf( +Z
k=1
» corrections for joint distributions

» non-Gaussian data

» second order expansions: LSS obstacle

Reference: (single spike) Yang & J., Statistica Sinica 2018.
(multispike) in preparation.

THANK YOU!
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