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Two pnaiilémss

¥ Problem 1: marginal rank

¥ Problem 2: multivariate rank



Prolblenm 1

We consider testing mutual independence  of many
covariates based on limited information.

X = (X1, X2,...,Xp)

~ p covariates

Ho: X1,...,Xp are mutually independent

Data:

n independent copies oiX



P araai gim

Goals to reach:

¥ the dimension p should be allowed to bemuch largetr
than the sample sizen;

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

¥ the test should beconsistentin a certain sense

¥ the test should beoptimal under certain standard



Outline

¥ Bivariate case
¥ High dimensional case

¥ Discussion



Bivanatbeocasee

¥ Data: {(X;! R,Y; ! R),1! [n]} Li.d. distributed
with continuous marginal CDFs.

¥ Aim: testing if OHg : X 1. YO is true.

Tests built on ranks are hence desirable:

The ranks of X4, ..., X, are uniformly distributed on S,, the set of all permutations of |n]

Under Hg, the marginal ranks of {X;,i ! [n]} and {Y;,i ! [n]} are independent with margins
uniformly distributed on S,.

For any test statistic based on ranks, its null distribution has been both determined and indepen
dent of Px vy , I.e., the test is distribution-free.



Bivanateecasee
¥ the test should beconsistentin a certain sense

with unlimited information, the test shall be able to reject null iff it is not true

Some Probl101 facts:

¥ Zero correlation doesNOT mean independenc

Pearson co o5 ::,.‘:- e/correlatior

¥ Zero Kendall/Spearman rank corrlation doesNOT
mean independence; -

KendallOs tamSpearmanOs r




Solutiom

¥ HoeffdingOs insight: measure of dependence

bivariate CDF of (X,Y )

D(X,Y ) := '! 2dF

marginals CDFs of X and Y

Hoe! ding (1948): D(X,Y ) ! 0. If in addition F Is abso
lutely continuous, then D(X,Y )=01! F = F{F-».

(JOC/EFR April 2019)



Solutiom

¥ HoeffdingOs |nS|ght estimation

E1(X1! X3, Y !

2E1(X1! Xg,Yp!

-+

VIR E1(Xi! Xs)1(X2! X

(JOC/EFR April 2019)

Y3)1(X2! X3, Ys!

Y3)

Y)1(Xo ! X4)1(Ys!

a U-statistics

(F1 FiF)2dF
F2dF | 2" FFiF.dF +  F2F2dF |

Ya) §
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Test hasedi anHéefdohigQs D

Theorem (Hoe! ding, 1948) Under Hy, we have

I 1 1
e 11 ¢ 3% 1
(Nt DB I 5 2z (! ),
ij =1

where{"; ,1,] =1,2,...} are I.l.d. standard Gaussian ran
dom variables.

¥ The above is a standardnon-central limit theorem for
degenerateU-statistics; the convergence is amixture
of chi-squaresnstead of simple Gaussian distribution

¥ A one-sidedand directly implementable test of Hy can
be immeg

dliately obtained from the above theorem.

D(X,Y) >0

11



Outline

¥ Bivariate case
¥ High dimensional case

¥ Discussion
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Higih dimenstonabéasse

¥ Data: {(Xi =(Xj1,..-,Xip) ! RPji ! [n]} iid.
distributed with continuous marginal CDFs.

¥ Aim: testing If the following null hypothesis Is true:

Ho : X1,...,X, are mutually independent

Proposal:

¥ Look at each pair of covariatesn the data: {(Xij ,Xik)' ,Jj <

K! [pl,i ! [n]};
¥ Calculate the Hod dingO® statistic D, of each pair

¥ The proposed test statistic then is max Di .
J<

13



Theony

What is the null distribution of r_ngx ijk as possiblyp! n?
|<
Theorem (Hoe! ding, 1948). Under Hgy, we have

! Il!l

where{"; ,i,j =1,2,...} are i.i.d. standard Gaussian ran
dom variables.

Proposition (DHS, 2019). Let Y1, ..., Yg bed = p(p! 1)/ 2 independent copies of = | Lo (2
1) with ', " OandA:= !, < #.Then asp$# |,

Y]
max —

| 4logp! (u1! 2)loglogp + A$d G.
i"d]ta I

Here G follows a Gumbel distribution with distribution function

M1/ 24 24 # y$%

| A
exp | (1.7 2) exp ! 5>

ghere Uy, is the multiplicity of the Ia-rgest eigenvalue ! ; in the sequence{!1,!5,...}, # :

1t 1 /1)* Y2 and I'(z) := , x**1e**dx is the gamma function.

v=pitl (



Theony

The major technical obstacle:

how fast Is eachﬂ)jk weakly converging to the limit?

2.1.3 Cramér’s Moderate Deviation Theorem

The Beny-Esseen mequality zives a bound on the absolute error in approximating
the distriburion of W, by the standard normal distribution. The usefulness of the
bound may be lumiled when @(x) s close w O or 1. Cramée's tweory ol moderule
deviations provides the relative errors. Petrov (1975, pp 219 228) gives a compre We n eEd a C I\/I DT for
hensive trestment of the theory and introduces the Cramér servies, which 1s a power
series whose coeflicients cun be expressed in tenms of the cumulunts of the under-

Iving distribution and which is used in parr (2) of the following thearem., d e g e n e rate U -Stati Sti CS !

Theorem 2.13.

() Let X,.Xs.. .. be ind. random vanabies with E(X)) = 0 and ESN < oo for
some tp > 0. Thea for x > 0and x = oln''"),

P(W, >x)
I —@(x)

where A1) s the Cramér senes,

(D) I e Vi%L for s £y = 1), rhen

M2 | ey inne 0. 2 However, it is long-standing openE

(¢) The converse of (b) iy wlso drue; thal is, of (2.9) holds, then E&v Al .

sowe b > 0,

In parws (a) and (b) of Theorem 2.13, P(W, = x)/(1 — P x)) can clcarly be
replaced by P(W, < —x) /d(—x). Moreover, similar results are also available for
standardized sums S, /8, of independent but not necessarily identically distributed
random variables with bounded moment generating functions in some neighborhood
of the orgin: see Petrav (1975). In Chap. 7. we establish Cramér-type moderate de-
viation resulls for selfnormadized (rather than standardized) sums of independent
random variahles under moch weaker conditions

15



Theony

The major technical obstacle:

how fast Is eachlbjk weakly converging to the limit?

Theorem (DHS, 2019) CMDT for degenerate U-
statistics: We have, for any sequence of positive scalars
e, ! O,

11 # &
Pr 3" DB > x,

I 3 "’ 1 2 n
xa#l$ eans P T (T 1) > X

where{!; ,1,] =1,2,...} are LIl.d. standard Gaussian and
" I1s an arbitrarily small universal constant.
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Theorem (DHS, 2019) CMDT for degenerate U-
statistics: We have, for any sequence of positive scalars
e, ! 0O,

l " &

#
| Pr g$$l(n " 1B > x4,
sup L &" 1 =0,
1, |

| 3 1 2 n
Xn#[$!,enn§“]'Pr 14 L =1 i2j2(!ij l)>Xn

where{!; ,i,] =1,2,...} are i.i.d. standard Gaussian and
" i1s an arbitrarily small universal constant.

Corollary (DHS, 2019). We have, asp,n!" and logp = o(n'8" '),
#

|
“14(n# 1) . 1 4
30 rjrgexDjk # 4logp+ loglog p+ %>QD," =

Pr

! #
=log{#2 /(8! )} # 2loglog(1# ")' ! and #p := AL "% ¢ 2.466
= log1#g5/ (8! glog D - n=2 sin(#/n) '




P aradli ggpm

Goals to reach:
¥ the dimension p should be allowed to bemuch largel
than the sample sizen;

#3

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

To: =1 M(Q—O!l)maqu( Dk ! 4logp+loglogp+ 5 > Qp. | Q

¥ the test should beconsistentin a certain sense

permit consistent assessment of pairwise independer Q

¥ the test should beoptimal under certain standard

18



P aradli ggpm
Goals to reach:
¥ the test should beoptimal under certain standard

- . | .. |
V(C)= MR P:M " 0,diagM)= 1M =M max|M| # C %’

sparse alternative class

The above is the critical power range.

Theorem (Theorem 5, HCL (2017)). There exists a universal constantcy > 0 such that for
any number! > 0O satisfying" + ! < 1, in any asymptotic regime with p!" asn!"  but
logp/n = 0o(1), it holds for all su! ciently large n and p that

inf sup Pr, (T, =0) # 1$" $!.
T !PTy !V(Co)

Here the inbmum is taken over all size- tests, and the supremum is taken over all centere
Gaussian distributions with (Pearson) covariance matrix! .

19



P aradli ggpm
Goals to reach:
¥ the test should beoptimal under certain standard

logp

V(C):= M!RPP:M " 0,diagM)=lo,M=M" max|My [ # C ==

sparse alternative class

The proposed test is right on the boundary (up to constant)!

Theorem (DHS, 2019) For a su ciently large universa
constant Cy > 0, we have, as long as,p!"

INf Pr, (TD’! — 1) =1 # O(l)
I 1 V(Co)

where the inbmum Is over centered Gaussian distributior
with (Pearson) covariance matrix ! .

20



EXiEnNsions s
¥ HoeffdingOs measure of dependence U-statistic of order 5

D(X,Y):= (F! FiF,)2dF

Hoe! ding (1948): D(X,Y ) ! 0. If in addition F Is abso

FWBRIRREPR

utely continuous, then D(X,Y)=0i! F = FiF,.

¥ Blum-Kiefer-RosenblattOs modibcation

U-statistic of order 6

21



Exiensionss

¥ Bergsma and DassiosOs proposal

|! _ nrr--l D hll 7V Xilrr Xi4'rrt.x
N 4 | ! Yi yoron ey Yi4

1#11<I < aad +# n

Z { (2,15 251 < Zig1y 2ig1) + 1(2ip,1, Zig1 < 2iy15%i3,1)
(i1,..,i4)EPy

—1(2iy.1, Zig 1 < Zig1y 2iz1) — L(2ip1, 2ig1 < 2.‘.,1,2:'.,,1)}

{ 1(2iy,2, 2is,2 < Zip,2y Zig,2) + 1(2i,2, 2ig,2 < Ziy 2, Zi3,2)

_I(Zih?& Zig,2 < Ziy,2, zi:n'Z) - n(zi'z.'zs Zig2 < 251,2,2;4'2)}

Bergsma and Dassios (2014) Ehj ! 0, an’ if (X,Y) are
absolutely continuous or discrete or a mixtur¢ of both then

Eh; =0i! X,Y are independent.
a mysterious kernelE

22



Whaitvve &k keve w

¥ Hoeffding, BKR, and Bergsma-Dassios are really alike

each otherE

The Statistician (2003)
82, Part 1, pp é1-57

On the conventional wisdom regarding two
consistent tests of bivariate independence

Govind S. Mudholkar
Univorsity of Rochester, USA

and Gregory E. Wilding
State University of New York, Bufalo, USA

[Received October 2001. Final revision Ju'y 2002]

Summary. Hoeffoing's test of bivariate independence and its nsthott: equivaent due to Blum,
Kie‘er and Rosenblatt are well known 10 be coneistenrt against all dependence altamatives. How-
evar, e two tests, which ara often trealed as interchangeabla, are rarely used in data analysis
mainly becausa their finite sample null disiributions are unavailable, end littla is known about
their operating charactenstics. In this pape- the conventional wisdom regarding the equivelencs
of thesa tests and their disiributions I8 examned by first tabulating thair nul dstributions for
samole sizes n =« 5. 6,...,25,20,...,50,60,...,100, and then ing thair power functions
empincally, The power functions are compared with those of the commonty usad methods based
on tha product moment carrelation, the rank correlation and Kendall's -, for bivadata normal
anc log-normal populabions, as well as a vanety cf dependence models such as the well-known
copulas due 1o Mo Gumbal, Placket:, Marsnall and Olkin, Raftery, Clayton and Frank.
It is seen thal the Bium, Kiefer and Rosenblatt test is generally preferable in terms of power
againgt pesitive dependence altemativas and that tha convantional wisdom deserves a revision,

Ksywords: Blum, Kieler and Rosenblart test, Copulas, Hoeffding test. Kendall's »; Product
moment carralation: Rank corre‘ation

Elnctronic Journal of Statikties
Val. 10 (2016) 2287-2311

ISSN: 1935-7524

DOI: 10.1214/16-2J51165

Large-sample theory for the
Bergsma-Dassios sign covariance

Preetam Nandy" '

Sermainor for Statistics, ETH Zirich, Switzerland
c-wwzil; nandy@stas .math.etkz.ca

Luca Weihs* and Mathias Drton

Depariment of Slatis'ies, University of Waskingiem, Sealtle, WA, USA
e-maidl 1neawlng adn; mdSOne . adn

Abstract: The DBergama-Cassios smgn covariance is a recertly proposed
extersion of Kendall’s taa [n contrast to teu or also Spearman's rho, the
now sign covariance 4 vanihes if anc oaly if the two consicered random
variables are independent. Specificaly, this recult has been shown for ecn
tinuous a8 well a2 discrets variablee We dovelop largo-sample distribution
thecry for the empirical wersion of r*. In particalar. we usc theory for
degenerate Lstatistios te derive asymntatic null distribatson: undes inde.
peadence and demonsirate in simulations that the hmiting distrbrtons
give useful appro<amatiors.

MSC 2010 subjeet clossifications: Primary 62C 10, 62C2(; sccondary
62230

Koywords and phrosess Test of incependence, nsymptotics, U statistics,
ponparametric corralation, degenaracy, Hoolding's D.

Feceivad February 2016.

¥ As a matter of fact, they are asymptotically equivalent up

to scaling!
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Whattvve a owknionow

¥ There exists an identity between Hoeffding, BKR, and

Bergsma-Dassios!

as long as there is no tie

(y .Q<.j YnauA vO

ON MEASURES OF ASSOCIATION AND A RELATED PROBLEM

TAKEMI YANAGIMOTO

(Received Feb. 17, 1969; revised Aug. 20, 1969)

Two measures of association M(F') and M.(F) are discussed, which
are defined by the expectations of certain rank statistics, 7} and T,
respectively. W. Hoeffding [1] has introduced the measure M,(F') and
some of its properties. M(F'), 1=1, 2, have desirable properties as the
measures of association, for example, M, (F')=0, iff F(z,y) is independ-
ent, and M(Pp) is a monotone increasing function of |p|, when @p is
the d.f. of two-dimensional normal distribution with correlation coeffi-
cient p. In Section 2 precise properties are obtained under mild condi-
tions. In Section 3, using these measures, we give a complete result on
a relation between equiprobable rankings and independence, which is an
improvement of a result by Hoeffding [1].

24



Outline

¥ Bivariate case
¥ High dimensional case

¥ Discussion
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Discussionn

¥ The Prstoptimal consistent test of independence in high
dimensions.

¥ A Cramer moderate deviation theorem for general
degenerate U-statistics has also been derived.

¥ Room still left for improvement.
¥ Open doors to new problems?

¥ We note that computing all three is super fast; O{n
Pol(log n)} complexity.

26
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Two pnadiémss

¥ Problem 1: marginal rank

¥ Problem 2: multivariate rank
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Prolblem 2

We consider testing independence of two random
vectors of bxed probability measure  based on limited
Information.

X :(X]_,X21---1Xp)! Y:(Y]_)YZ)"‘?YCI)!

P covariates g covariates

Hy : X is independent of Y.

Data:

n independent copies of X ,Y )

29



P araai gim

Goals to reach:

¥ the test should bedistribution-free, hence directly im:-
plementable without the need of permutation;

¥ the test should beconsistentin a certain sense

¥ the test s peoptimal under certain standard

a long-standing open problem!

Impossible In certain sense



Outline

¥ Multivariate rank
¥ The proposed test

¥ Discussion
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HallimOs muiltivaniates reankk

e Data: {(X; € RP.Y; € R?),i € [n|} i.i.d. distributed
with fixed nonvanishing probability measures for X, Y .

e Aim: testing if “Hy : X 11 Y” is true.

Tests built on marginal ranks are no longer distribution-free:

l possibly correlated with l

ranks of {X1 ;,..., X} ranks of { X g, ...

7Xn,k}

32



Solutiom

¥ Insight: redebning rank in general dimension

* s

Py
a general measure satisfying
the non-vanishing property

(Marc Hallin;
ULB MATHEMATICAL
STATISTICS GROUP)

OHallinOsO population distribution funct

Uqg

uniform distribution over
d-dimensional unit-ball

33



Solutiom

¥ Insight: redebning rank in general dimension

2
11%f Ja || T (x) — mH2de

subject to T4 Py = Uy

optimal transport problem

¥ Existence, unigueness, and bijection: Main Theorem
In McCann (1995, p. 310)

“The set F1'(0) is compact and has Lebesgue measure zero; the restrictions of F4(-) and
F1'(-) to R\F1'(0) and Sq\{0} are homeomorphisms between R*\F1'(0) and S;\{0}".

34



Solutioom

¥ Insight: how to estimate

(Marc Hallin;
ULB MATHEMATICAL
STATISTICS GROUP)

OHallinOsO EC

35



Solutiom

¥ Insight: redebning rank in general dimension

LI "o
L i=argmin "Xil T(X)"

. 2
T i=1

w l
T
")

consisting of n points that
approximate the unit-ball

36



Solutioom
¥ Insight: redebning rank in general dimension
1n "o

F =argmin "X ! T(X;)"
- TVT iy 2

OHallinOsO rankdistribution-free:

Hallin 2017 (Proposition 6.1): Let X,...,X, be Lid.
with nonvanishing distribution Pq. Then (F{"(X 1),...,F{" (X 1))
IS uniformly distributed over all permutations of Sg”).

And we also have a G-C theorem to quantify convergence.

37



Outline

¥ HallinOs multivariate rank
¥ The proposed test

¥ Discussion
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Generalized BKER Testt

¥ Data: {(X; € RP)Y, € R?),: € [n]} I.1.d. distributed

with Pxednonvanishing probability measuresfor X', Y.

¥ Aim: testing if OHp : X1 YO is true.

Proposal:
¥ Calculate HallinOs rank& 3", (X 1),...,F}", (X ) and
FU (Y1), P (Ya):

¥ Combine HallinOs ranks withdistance covariance ob-
taining the test statistic

My := n &dCov; «F(”) (X)) 1,(F<”> (Y )i

¥ Reject HO |f I\/I IS Iarge enougr ¥

converge to BKR in one-dimension

39



Theony
What is the null distribution of M, 7

¥ Consider theOpopulationCHallinOs rank$-x + (X ;) !
Up and Fv + (Yi) ! Ug;

¥ Lead to the OoracleQest statistic:
Mn = N é‘dCOVﬁ ((FX X (X i))P:l y (FY X (YI ))P:l )1

¥ Standard exercise (e.gJakobsen (2017, Theorem 5.1()
gives, underHy,

Mo 19 (M2 ),
k=1

where ! 1,!5,... are nonnegative constants only de-
pend onp, g
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Theony

Main Theorem (SDH 2019+). Let (X 1,Y1),...,(X,Yn)
be independent copies of X ,Y ) with Pxed nonvanishing
probability measures Px ,Py and X and Y are indepen-
dent. Then it holds that

p,, re L ("21 1),
k=1

Hallin 2017 (Proposition 6.1): Let X1 X n be iid.
with nonvanishing distribution Pg. Then (F{™ (X 1),...,F{™ (X 1))
is uniformly distributed over all permutations of Sfj”).

41



Comlbinatoridabh OCLT

A COMEINATORIAL CENTRAL LIMIT THEOREM!

By Wiesnny Hoerroineg
Institule of Stotisties, University of Nor'h Carelina

1. Summaery, Let (Ya, -+, Ya) be a random vestor which takes on t.he
n! pennutabnous of (1, =+ -, n) with ecual probabilities, Let e.(i,7),%4,5 = 1, -
n, be a' real numbers. Sulcient conditicns for the asymptotic lorm.allt.y of

Sy = ;; 9!(", YM)

are given (Theorem 3). For the speeial case ¢,(7,7) = a,(1)b,(j) a stronger version
of a theorem of Wald, Wolfowitz and Noether is obtained (Theorem 4). A ccn-
dition of Npether is simplified (Theorem 1).

2. Introduction and statement of results. An example of what is here meant by
& combinstorial central limit thecrem is o solution of the following problem
For avery posxt.\e integer n there are given 2n real numbers 6,(), ba(i), § = 1,
-+« y @, It is sesumod that the a4(z) are not all equal and the b,(i) are not a.ll
equal. Let (Y, -+, ¥.) bo 8 randam voetor which takes or the n! permu-
tations of (1, - .-, n) with equal prcbabilitics 1/n!. Under what conditions is

..l) 5'. = ‘Z n‘(’-)bn': rlu':
-l
asymptotically normally distribuved as n — =7
Throughcut this paver a random variable S, will Le callad asymptotically
normal or asymptotically normally disuributed if

lim Pr{S, — ES. < 2 v/varS,) = —-[ Tay  —e <o < w,
where ES. and var S. are the mean &nd the variance of S, .

In the particular case ¢.(1) = b.(f) = { the asympiatic namality of S, was
proved by Hotelling and Pahst [2]. The first. general resuls is due to Wald and
Wolfowitz [6), who showed thas S. 8 asymptotically normal if, £8 7 — o,

1z';<a,<a -y
:—-’-O(l)‘ r=3.4.-..’

[ Z (a,() — a,) ]

@

and

LS 0.0 = B
3) — =5 = 0(1), r=34 ...

‘_1 3 6 b.)'j

1 Ware done undar the sponsarship of the Offce of Navs] Fesearch.
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TN Aunade of Selintion
¥ Yol 5, No. 6, 25 00-2227

ERROR BOUND IN A CENTRAL LIMIT THEOREM 0OF
DOURLE-INDEXED PERMIUTATION STATISTICS

By Lavcaenc ZHao', Zrimon: Rar?,
Covrn-Cring Crao”® avn Wen-Q1 Liana”

UTnaveraity of Science and Technology of China,
Nationai Sur Yai Scn University,
Academia Since and Academia Sinioa

An errcr byand in the nareal cpproximoti.on to the dis=ibutiza of the
couble-indoosd permalalicn ststisdizxs is darived. The derivabon is Ixased
cn Stein’s moeth>d and en an xlengion of o ccmbenatonal rarthod of
Bolthuusen. The reeul can e apglied o cbitain che convergenoe rate of
erder r /% for garac rankc related statiatien, ouck na Keneoll o tow, Spear
muan's tho and the Munn-Whilne,~Wiloacn stustistic [us 2pplicalicns W
Fraph-ralatad nerparametne ststizes ¥ mulivanste cheervationg am
2lso mentimed.

L. Introduction. Tel 20,7 8 0, jk,IeN=1,  n} be sl nome.
bers dependicg on n. We are interested in the double-indexed permutation
stutistivs (DIPS) of the general furm £, 20, 5, 700, 7()), wherv = is un.
formly distrbuted on the sat % of al! parmutstions of N. The DIPS of the
rstricted form X, a, b, o, wus fiest iovestiguied by Daniels (1944) in U
study of a peneralized correlaticn ccefficiant with Kendall'e tau and Spear-
mon's rho being speeial eases, Danicls gave @ set of sufficient eonditione for
their ceymptotic normality ag » — =, Further investigaticns along this direc-
tion have been done by Eloamena (1951), Jogdeo (L968), Abe (1969), Shapiro
and Hubert (1979), Barbour and Esgleson (1936) and Pham, Mocks and
Sroka (1689). In theee cortexts, the so-called ecores a , and b, are either
symmetric (a,; = oy, b, = &;) or skew-symmetric (a,, = ay,. b, = &)
The uses of DIPS have diversely been suggestad by Friedman and Rafsky
(1979, 1988 und Schilling (1986) in muluivarizle nonparsumelnc exis hy
Hubert and Schultz (19786) ir clustering studiss, by Mantsel and Valand
(1870) in bicmelry, and by CLIT and Ord (1981) in geography.

The purpess of this paper is W derive @ boound G the s in e noene?

approxmation o the distribution of the DIPS of the general farm

Heordvnd Oetahor 1935, revissd ecambas 1996
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ComlbinatoriabhooiGCCLT

B =(1) % ()l (o, 52,

1<j1<j2sn

Theorem 4.1. Assume that for each i = 1,2, the functions g( ), n € Z,, and g; satisfy the
following conditions:

(i) each g( ") is symmetric, i.e., 9; )(z z) = -")(z’,z) for all z,2' € Q;
(it) the famdy g( " ne Z4, 18 equicontinuous;

(iit) each g'- is non-negative definite, i.e.,

£
Z C51C529; )(zJusz) 20
nJe2=1
fO’rauCl, L €ER, 21,...,z¢p €0, €L, ;
(iv) each g,") has E(g(")(z Z,-("))) =0
(v) each g™ has E(g{" (2™, 2("")?) € (0, +00);
(vi) as n — oo, the functions g( n) converge uniformly on Q; to g, with E(g:(Z;, Z!)*) € (0, +o0).
It then holds that
o0
nD™ 2, > Mk Aok, (€ x, — 1)
ki, k2=1
as n — oo, where &, k,, k1,k2 € Z4, are i.i.d. standard Gaussian, and the \j;. > 0, k € Z4, are
eigenvalues of the Hilbert-Schmidt integral operator given by g;. So, for each i the A;; solve the
integral equations
E(gi(2i, Zi)eix(Z:)) = Aikeik(2i)

for a system of orthonormal eigenfunctions e; k.
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(wikipedia page of Lucien Le Cam) (youtube clip of Otomar Hitjek)

6.6 Theorem. Let P, and Q, be sequences of probability measures on measurable spaces
(., Ay, and let X, : 2, +> R* be a sequence of random vectors. Suppose that Q, < P,

and

(X,,, dQ")&(x, V).
dP,

Then L(B) = El 3(X) V defines a probability measure, and X, £ L.

- from OAsymptotic StatisticsO by van der Vaar
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(wikipedia page of Lucien Le Cam) (youtube clip of Otomar Hitjek)

6.7 Example (Le Cam’s third lemma). The name Le Cam’s third lemma is often reserved
for the following result. If

dQn Py p) T
(Xn,log dP )"’"Nk+l((__’|f Z)v (TT 02)),
n 2

X, S Ne(u + 7, T).

- from OAsymptotic StatisticsO by van der Vaart

n2 . .
'v("«! 1)  non-normal limit!
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6.6 Theorem. Le e ind @ ve sequences of probability measures on measurable spaces
(82,, An), and let Xy gln > l::"_; be a sequence of random vectors. Suppose that Q, < P,
and ;

§<n ?i (X)) i”zi* Y

null hypothesis local alternative hypothesis
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Theorem. (1) As C is small enough, it isimpossible to
di! erentiate Q, from P,.
(2) Considering the thresholdt > 0 such that

P.(M,>t)! I,

then for any " > !, there exists aC > 0 only dependin
on" such that

Qn(Mp >t) > "

for all n large enough.
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Goals to reach:

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

Yes, by HallinOs result and our combinatorial non-center
limit theorem!

¥ the test should beconsistentin a certain sense

Yes, by consistency of dCov, G-C Theorem, and
homeomorphisms of HallinOs DF!

¥ the test should beoptimal under certain standard

Yes, by a use of Le Cam (and Hajak)Os contiguity lemmal!
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Discusssonn

¥ The Prstdistribution-free consistent test of independence In
general dimension.

¥ A combinatorial non-central limit theorem i1s derived.

¥ The ranks can be computed fast.
General dimension:
O(n™M{5/2} Poly(log n)) complexity;
If dimension Is 2:
O(n™M3/2+delta} Poly(log n)) complexity
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