
Marginal and multivariate ranks, 
optimal transport theory, 

and Le Cam

Fang Han



Fang HanMathias Drton Hongjian Shi



Two problems

 3

¥ Problem 1: marginal rank

¥ Problem 2: multivariate rank



Problem 1

 4

X1 = (X1,1, X1,2, . . . , X1,p)>
<latexit sha1_base64="RYP5X9k8cDBCRmzJGlv0zrFE/tE=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZRJN7pRCm5cKlgtdOqQyWQ0NJkMyR2hDPMb/oS/4Fb37tSl/ojpY+HrQMjJOfdyb06YCm7A896c0tz8wuJSebmysrq2vlHd3Lo0KtOUdakSSvdCYpjgCesCB8F6qWZEhoJdhcOTsX91x7ThKrmAUcoGktwkPOaUgJWCqlf3Q5n3igAfNXpBjpu4aE7udtH0RaTATJ9psX/tg0rrQbXmtbwJ3L8Ez0gNzXAWVD/8SNFMsgSoIMb0sZfCICcaOBWsqPiZYSmhQ3LD+pYmRDIzyCc/K9w9q0RurLQ9CbgT9XtHTqQxIxnaSkng1vz2xuJ/Xj+D+HCQ8yTNgCV0OijOhAvKHcfkRlwzCmJkCaGa211deks0oWDD/DEllEXFhoJ/R/CXXLZb2Gvh83atczyLp4x20C5qIIwOUAedojPURRTdo0f0hJ6dB+fFeXXep6UlZ9azjX7A+fwCNN+lFg==</latexit><latexit sha1_base64="RYP5X9k8cDBCRmzJGlv0zrFE/tE=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZRJN7pRCm5cKlgtdOqQyWQ0NJkMyR2hDPMb/oS/4Fb37tSl/ojpY+HrQMjJOfdyb06YCm7A896c0tz8wuJSebmysrq2vlHd3Lo0KtOUdakSSvdCYpjgCesCB8F6qWZEhoJdhcOTsX91x7ThKrmAUcoGktwkPOaUgJWCqlf3Q5n3igAfNXpBjpu4aE7udtH0RaTATJ9psX/tg0rrQbXmtbwJ3L8Ez0gNzXAWVD/8SNFMsgSoIMb0sZfCICcaOBWsqPiZYSmhQ3LD+pYmRDIzyCc/K9w9q0RurLQ9CbgT9XtHTqQxIxnaSkng1vz2xuJ/Xj+D+HCQ8yTNgCV0OijOhAvKHcfkRlwzCmJkCaGa211deks0oWDD/DEllEXFhoJ/R/CXXLZb2Gvh83atczyLp4x20C5qIIwOUAedojPURRTdo0f0hJ6dB+fFeXXep6UlZ9azjX7A+fwCNN+lFg==</latexit><latexit sha1_base64="RYP5X9k8cDBCRmzJGlv0zrFE/tE=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZRJN7pRCm5cKlgtdOqQyWQ0NJkMyR2hDPMb/oS/4Fb37tSl/ojpY+HrQMjJOfdyb06YCm7A896c0tz8wuJSebmysrq2vlHd3Lo0KtOUdakSSvdCYpjgCesCB8F6qWZEhoJdhcOTsX91x7ThKrmAUcoGktwkPOaUgJWCqlf3Q5n3igAfNXpBjpu4aE7udtH0RaTATJ9psX/tg0rrQbXmtbwJ3L8Ez0gNzXAWVD/8SNFMsgSoIMb0sZfCICcaOBWsqPiZYSmhQ3LD+pYmRDIzyCc/K9w9q0RurLQ9CbgT9XtHTqQxIxnaSkng1vz2xuJ/Xj+D+HCQ8yTNgCV0OijOhAvKHcfkRlwzCmJkCaGa211deks0oWDD/DEllEXFhoJ/R/CXXLZb2Gvh83atczyLp4x20C5qIIwOUAedojPURRTdo0f0hJ6dB+fFeXXep6UlZ9azjX7A+fwCNN+lFg==</latexit><latexit sha1_base64="RYP5X9k8cDBCRmzJGlv0zrFE/tE=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZRJN7pRCm5cKlgtdOqQyWQ0NJkMyR2hDPMb/oS/4Fb37tSl/ojpY+HrQMjJOfdyb06YCm7A896c0tz8wuJSebmysrq2vlHd3Lo0KtOUdakSSvdCYpjgCesCB8F6qWZEhoJdhcOTsX91x7ThKrmAUcoGktwkPOaUgJWCqlf3Q5n3igAfNXpBjpu4aE7udtH0RaTATJ9psX/tg0rrQbXmtbwJ3L8Ez0gNzXAWVD/8SNFMsgSoIMb0sZfCICcaOBWsqPiZYSmhQ3LD+pYmRDIzyCc/K9w9q0RurLQ9CbgT9XtHTqQxIxnaSkng1vz2xuJ/Xj+D+HCQ8yTNgCV0OijOhAvKHcfkRlwzCmJkCaGa211deks0oWDD/DEllEXFhoJ/R/CXXLZb2Gvh83atczyLp4x20C5qIIwOUAedojPURRTdo0f0hJ6dB+fFeXXep6UlZ9azjX7A+fwCNN+lFg==</latexit>

X 2 = ( X 2,1, X 2,2, . . . , X 2,p )!
<latexit sha1_base64="2GHHc8bwfPe0zZ1r1tGF1XH7mJI=">AAACKXicbVC7TsMwFHXKu7wKjCwRBQmkqkqywAJCYmEEidJKTYkc1wGrdhzZN0hVlN/gJ/gFVtjZgBF+BDfNQFuOZPn4nHt1r0+YcKbBcT6tytz8wuLS8kp1dW19Y7O2tX2rZaoIbRHJpeqEWFPOYtoCBpx2EkWxCDlth4OLkd9+pEozGd/AMKE9ge9jFjGCwUhBzdn3Q5F18sA7PewEmddw80Zxe3nD530JevxM8qM7H2SyH9TqTtMpYM8StyR1VOIqqH37fUlSQWMgHGvddZ0EehlWwAinedVPNU0wGeB72jU0xoLqXlb8LLcPjNK3I6nMicEu1L8dGRZaD0VoKgWGBz3tjcT/vG4K0UkvY3GSAo3JeFCUchukPYrJ7jNFCfChIZgoZna1yQNWmIAJc2JKKPKqCcWdjmCW3HpN12m61179/KyMZxntoj10iFx0jM7RJbpCLUTQE3pBr+jNerberQ/ra1xascqeHTQB6+cXO5qlGg==</latexit><latexit sha1_base64="2GHHc8bwfPe0zZ1r1tGF1XH7mJI=">AAACKXicbVC7TsMwFHXKu7wKjCwRBQmkqkqywAJCYmEEidJKTYkc1wGrdhzZN0hVlN/gJ/gFVtjZgBF+BDfNQFuOZPn4nHt1r0+YcKbBcT6tytz8wuLS8kp1dW19Y7O2tX2rZaoIbRHJpeqEWFPOYtoCBpx2EkWxCDlth4OLkd9+pEozGd/AMKE9ge9jFjGCwUhBzdn3Q5F18sA7PewEmddw80Zxe3nD530JevxM8qM7H2SyH9TqTtMpYM8StyR1VOIqqH37fUlSQWMgHGvddZ0EehlWwAinedVPNU0wGeB72jU0xoLqXlb8LLcPjNK3I6nMicEu1L8dGRZaD0VoKgWGBz3tjcT/vG4K0UkvY3GSAo3JeFCUchukPYrJ7jNFCfChIZgoZna1yQNWmIAJc2JKKPKqCcWdjmCW3HpN12m61179/KyMZxntoj10iFx0jM7RJbpCLUTQE3pBr+jNerberQ/ra1xascqeHTQB6+cXO5qlGg==</latexit><latexit sha1_base64="2GHHc8bwfPe0zZ1r1tGF1XH7mJI=">AAACKXicbVC7TsMwFHXKu7wKjCwRBQmkqkqywAJCYmEEidJKTYkc1wGrdhzZN0hVlN/gJ/gFVtjZgBF+BDfNQFuOZPn4nHt1r0+YcKbBcT6tytz8wuLS8kp1dW19Y7O2tX2rZaoIbRHJpeqEWFPOYtoCBpx2EkWxCDlth4OLkd9+pEozGd/AMKE9ge9jFjGCwUhBzdn3Q5F18sA7PewEmddw80Zxe3nD530JevxM8qM7H2SyH9TqTtMpYM8StyR1VOIqqH37fUlSQWMgHGvddZ0EehlWwAinedVPNU0wGeB72jU0xoLqXlb8LLcPjNK3I6nMicEu1L8dGRZaD0VoKgWGBz3tjcT/vG4K0UkvY3GSAo3JeFCUchukPYrJ7jNFCfChIZgoZna1yQNWmIAJc2JKKPKqCcWdjmCW3HpN12m61179/KyMZxntoj10iFx0jM7RJbpCLUTQE3pBr+jNerberQ/ra1xascqeHTQB6+cXO5qlGg==</latexit><latexit sha1_base64="2GHHc8bwfPe0zZ1r1tGF1XH7mJI=">AAACKXicbVC7TsMwFHXKu7wKjCwRBQmkqkqywAJCYmEEidJKTYkc1wGrdhzZN0hVlN/gJ/gFVtjZgBF+BDfNQFuOZPn4nHt1r0+YcKbBcT6tytz8wuLS8kp1dW19Y7O2tX2rZaoIbRHJpeqEWFPOYtoCBpx2EkWxCDlth4OLkd9+pEozGd/AMKE9ge9jFjGCwUhBzdn3Q5F18sA7PewEmddw80Zxe3nD530JevxM8qM7H2SyH9TqTtMpYM8StyR1VOIqqH37fUlSQWMgHGvddZ0EehlWwAinedVPNU0wGeB72jU0xoLqXlb8LLcPjNK3I6nMicEu1L8dGRZaD0VoKgWGBz3tjcT/vG4K0UkvY3GSAo3JeFCUchukPYrJ7jNFCfChIZgoZna1yQNWmIAJc2JKKPKqCcWdjmCW3HpN12m61179/KyMZxntoj10iFx0jM7RJbpCLUTQE3pBr+jNerberQ/ra1xascqeHTQB6+cXO5qlGg==</latexit>

X n = ( X n, 1, X n, 2, . . . , X n,p )!
<latexit sha1_base64="zs28pqxb8Xti4uvGOluDN2sZIC8=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZSZbnSjFNy4VLBa6NQhk8loaB5Dckcow/yGP+EvuNW9O3WpP2L6WPg6EHJyzr3cmxOlnBnwvDenNDe/sLhUXq6srK6tb1Q3ty6NyjShXaK40r0IG8qZpF1gwGkv1RSLiNOraHgy9q/uqDZMyQsYpXQg8I1kCSMYrBRWvXoQibxXhPKo0Qtz2fSL5uRuF82AxwrM9JkW+9cBqLQeVmtey5vA/Uv8GamhGc7C6kcQK5IJKoFwbEzf91IY5FgDI5wWlSAzNMVkiG9o31KJBTWDfPKzwt2zSuwmStsjwZ2o3ztyLIwZichWCgy35rc3Fv/z+hkkh4OcyTQDKsl0UJJxF5Q7jsmNmaYE+MgSTDSzu7rkFmtMwIb5Y0okiooNxf8dwV9y2W75Xss/b9c6x7N4ymgH7aIG8tEB6qBTdIa6iKB79Iie0LPz4Lw4r877tLTkzHq20Q84n1/PfaYK</latexit><latexit sha1_base64="zs28pqxb8Xti4uvGOluDN2sZIC8=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZSZbnSjFNy4VLBa6NQhk8loaB5Dckcow/yGP+EvuNW9O3WpP2L6WPg6EHJyzr3cmxOlnBnwvDenNDe/sLhUXq6srK6tb1Q3ty6NyjShXaK40r0IG8qZpF1gwGkv1RSLiNOraHgy9q/uqDZMyQsYpXQg8I1kCSMYrBRWvXoQibxXhPKo0Qtz2fSL5uRuF82AxwrM9JkW+9cBqLQeVmtey5vA/Uv8GamhGc7C6kcQK5IJKoFwbEzf91IY5FgDI5wWlSAzNMVkiG9o31KJBTWDfPKzwt2zSuwmStsjwZ2o3ztyLIwZichWCgy35rc3Fv/z+hkkh4OcyTQDKsl0UJJxF5Q7jsmNmaYE+MgSTDSzu7rkFmtMwIb5Y0okiooNxf8dwV9y2W75Xss/b9c6x7N4ymgH7aIG8tEB6qBTdIa6iKB79Iie0LPz4Lw4r877tLTkzHq20Q84n1/PfaYK</latexit><latexit sha1_base64="zs28pqxb8Xti4uvGOluDN2sZIC8=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZSZbnSjFNy4VLBa6NQhk8loaB5Dckcow/yGP+EvuNW9O3WpP2L6WPg6EHJyzr3cmxOlnBnwvDenNDe/sLhUXq6srK6tb1Q3ty6NyjShXaK40r0IG8qZpF1gwGkv1RSLiNOraHgy9q/uqDZMyQsYpXQg8I1kCSMYrBRWvXoQibxXhPKo0Qtz2fSL5uRuF82AxwrM9JkW+9cBqLQeVmtey5vA/Uv8GamhGc7C6kcQK5IJKoFwbEzf91IY5FgDI5wWlSAzNMVkiG9o31KJBTWDfPKzwt2zSuwmStsjwZ2o3ztyLIwZichWCgy35rc3Fv/z+hkkh4OcyTQDKsl0UJJxF5Q7jsmNmaYE+MgSTDSzu7rkFmtMwIb5Y0okiooNxf8dwV9y2W75Xss/b9c6x7N4ymgH7aIG8tEB6qBTdIa6iKB79Iie0LPz4Lw4r877tLTkzHq20Q84n1/PfaYK</latexit><latexit sha1_base64="zs28pqxb8Xti4uvGOluDN2sZIC8=">AAACKXicbVDLSgMxFM3UV62vqks3g61QoZSZbnSjFNy4VLBa6NQhk8loaB5Dckcow/yGP+EvuNW9O3WpP2L6WPg6EHJyzr3cmxOlnBnwvDenNDe/sLhUXq6srK6tb1Q3ty6NyjShXaK40r0IG8qZpF1gwGkv1RSLiNOraHgy9q/uqDZMyQsYpXQg8I1kCSMYrBRWvXoQibxXhPKo0Qtz2fSL5uRuF82AxwrM9JkW+9cBqLQeVmtey5vA/Uv8GamhGc7C6kcQK5IJKoFwbEzf91IY5FgDI5wWlSAzNMVkiG9o31KJBTWDfPKzwt2zSuwmStsjwZ2o3ztyLIwZichWCgy35rc3Fv/z+hkkh4OcyTQDKsl0UJJxF5Q7jsmNmaYE+MgSTDSzu7rkFmtMwIb5Y0okiooNxf8dwV9y2W75Xss/b9c6x7N4ymgH7aIG8tEB6qBTdIa6iKB79Iie0LPz4Lw4r877tLTkzHq20Q84n1/PfaYK</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

n independent copies ofX
<latexit sha1_base64="E+FrVigaUIiAGxBQ6D1cBJpXGt0=">AAACG3icbVC5TgMxFPRyhnAtUNJYSZCoot00UKFINJRBIoeURJHXeZtY8bGyvUjRKj0/wS/QQk+HaClo+RKcoyAJI9kazbzn9zxRwpmxQfDtbWxube/s5vby+weHR8f+yWnDqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLqd+s1H0IYp+WDHCXQFGUgWM0qsk3p+oSRLmMk+JOAuaTFVCQODVYxLnUhkrUmp5xeDcjADXifhghTRArWe/9PpK5oK9xzlxJh2GCS2mxFtGeUwyXdSAwmhIzKAtqOSCDDdbPaXCb5wSh/HSrszW8epfzsyIowZi8hVCmKHZtWbiv957dTG192MySS1IOl8UJxybBWeBoP7TAO1fOwIoZq5XTEdEk2odfEtTYnEJO9CCVcjWCeNSjkMyuF9pVi9WcSTQ+eogC5RiK5QFd2hGqojip7QC3pFb96z9+59eJ/z0g1v0XOGluB9/QIYFqB+</latexit><latexit sha1_base64="E+FrVigaUIiAGxBQ6D1cBJpXGt0=">AAACG3icbVC5TgMxFPRyhnAtUNJYSZCoot00UKFINJRBIoeURJHXeZtY8bGyvUjRKj0/wS/QQk+HaClo+RKcoyAJI9kazbzn9zxRwpmxQfDtbWxube/s5vby+weHR8f+yWnDqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLqd+s1H0IYp+WDHCXQFGUgWM0qsk3p+oSRLmMk+JOAuaTFVCQODVYxLnUhkrUmp5xeDcjADXifhghTRArWe/9PpK5oK9xzlxJh2GCS2mxFtGeUwyXdSAwmhIzKAtqOSCDDdbPaXCb5wSh/HSrszW8epfzsyIowZi8hVCmKHZtWbiv957dTG192MySS1IOl8UJxybBWeBoP7TAO1fOwIoZq5XTEdEk2odfEtTYnEJO9CCVcjWCeNSjkMyuF9pVi9WcSTQ+eogC5RiK5QFd2hGqojip7QC3pFb96z9+59eJ/z0g1v0XOGluB9/QIYFqB+</latexit><latexit sha1_base64="E+FrVigaUIiAGxBQ6D1cBJpXGt0=">AAACG3icbVC5TgMxFPRyhnAtUNJYSZCoot00UKFINJRBIoeURJHXeZtY8bGyvUjRKj0/wS/QQk+HaClo+RKcoyAJI9kazbzn9zxRwpmxQfDtbWxube/s5vby+weHR8f+yWnDqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLqd+s1H0IYp+WDHCXQFGUgWM0qsk3p+oSRLmMk+JOAuaTFVCQODVYxLnUhkrUmp5xeDcjADXifhghTRArWe/9PpK5oK9xzlxJh2GCS2mxFtGeUwyXdSAwmhIzKAtqOSCDDdbPaXCb5wSh/HSrszW8epfzsyIowZi8hVCmKHZtWbiv957dTG192MySS1IOl8UJxybBWeBoP7TAO1fOwIoZq5XTEdEk2odfEtTYnEJO9CCVcjWCeNSjkMyuF9pVi9WcSTQ+eogC5RiK5QFd2hGqojip7QC3pFb96z9+59eJ/z0g1v0XOGluB9/QIYFqB+</latexit><latexit sha1_base64="E+FrVigaUIiAGxBQ6D1cBJpXGt0=">AAACG3icbVC5TgMxFPRyhnAtUNJYSZCoot00UKFINJRBIoeURJHXeZtY8bGyvUjRKj0/wS/QQk+HaClo+RKcoyAJI9kazbzn9zxRwpmxQfDtbWxube/s5vby+weHR8f+yWnDqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLqd+s1H0IYp+WDHCXQFGUgWM0qsk3p+oSRLmMk+JOAuaTFVCQODVYxLnUhkrUmp5xeDcjADXifhghTRArWe/9PpK5oK9xzlxJh2GCS2mxFtGeUwyXdSAwmhIzKAtqOSCDDdbPaXCb5wSh/HSrszW8epfzsyIowZi8hVCmKHZtWbiv957dTG192MySS1IOl8UJxybBWeBoP7TAO1fOwIoZq5XTEdEk2odfEtTYnEJO9CCVcjWCeNSjkMyuF9pVi9WcSTQ+eogC5RiK5QFd2hGqojip7QC3pFb96z9+59eJ/z0g1v0XOGluB9/QIYFqB+</latexit>

Data:

We consider testing mutual independence  of many 
covariates based on limited information.

X = ( X 1, X 2, . . . , X p)!
<latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit>

p covariates
<latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit>

H0 : X 1, . . . , X p are mutually independent
<latexit sha1_base64="AZ0V5q+bP7E1WFK8Fc8u4D3JtNU="></latexit><latexit sha1_base64="AZ0V5q+bP7E1WFK8Fc8u4D3JtNU="></latexit><latexit sha1_base64="AZ0V5q+bP7E1WFK8Fc8u4D3JtNU="></latexit><latexit sha1_base64="AZ0V5q+bP7E1WFK8Fc8u4D3JtNU="></latexit>
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Goals to reach:

¥ the dimension p should be allowed to bemuch larger
than the sample sizen;

<latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit>

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

¥ the test should beconsistent in a certain sense;
<latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit>

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>
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¥ Bivariate case

¥ Discussion

¥ High dimensional case
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¥ Data: { (X i ! R, Yi ! R), i ! [n]} i.i.d. distributed
with continuous marginal CDFs.

¥ Aim: testing if ÒH0 : X |= YÓ is true.
<latexit sha1_base64="/CqJPhbOGcl6VDujiojQNHr7SlQ="></latexit><latexit sha1_base64="/CqJPhbOGcl6VDujiojQNHr7SlQ="></latexit><latexit sha1_base64="/CqJPhbOGcl6VDujiojQNHr7SlQ="></latexit><latexit sha1_base64="/CqJPhbOGcl6VDujiojQNHr7SlQ="></latexit>

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

Tests built on ranks are hence desirable:

Under H0, the marginal ranks of { X i , i ! [n]} and { Yi , i ! [n]} are independent with margins
uniformly distributed on Sn .

<latexit sha1_base64="kgz5Mkufq1MJjrxLJLkIy9srOn0="></latexit><latexit sha1_base64="kgz5Mkufq1MJjrxLJLkIy9srOn0="></latexit><latexit sha1_base64="kgz5Mkufq1MJjrxLJLkIy9srOn0="></latexit><latexit sha1_base64="kgz5Mkufq1MJjrxLJLkIy9srOn0="></latexit>

The ranks of X 1, . . . , X n are uniformly distributed on Sn , the set of all permutations of [n]
<latexit sha1_base64="vdeldzNkjyXLaib6p4p6Fn1P6RY="></latexit><latexit sha1_base64="vdeldzNkjyXLaib6p4p6Fn1P6RY="></latexit><latexit sha1_base64="vdeldzNkjyXLaib6p4p6Fn1P6RY="></latexit><latexit sha1_base64="vdeldzNkjyXLaib6p4p6Fn1P6RY="></latexit>

For any test statistic based on ranks, its null distribution has been both determined and indepen-
dent of PX,Y , i.e., the test is distribution-free .

<latexit sha1_base64="ZmEsnDQCFbbyNXQLcUnkBjY9+WA="></latexit><latexit sha1_base64="ZmEsnDQCFbbyNXQLcUnkBjY9+WA="></latexit><latexit sha1_base64="ZmEsnDQCFbbyNXQLcUnkBjY9+WA="></latexit><latexit sha1_base64="ZmEsnDQCFbbyNXQLcUnkBjY9+WA="></latexit>
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¥ the test should beconsistent in a certain sense;
<latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit>

with unlimited information, the test shall be able to reject null iff it is not true

Pearson covariance/correlation
<latexit sha1_base64="sQAfBg6f8r0hBzMoDMzceRj26d0="></latexit><latexit sha1_base64="sQAfBg6f8r0hBzMoDMzceRj26d0="></latexit><latexit sha1_base64="sQAfBg6f8r0hBzMoDMzceRj26d0="></latexit><latexit sha1_base64="sQAfBg6f8r0hBzMoDMzceRj26d0="></latexit>

Some Prob101 facts:

¥ Zero correlation doesNOT mean independence;
<latexit sha1_base64="ZePl/K7XOotGqRT1NGq/JEsnXug="></latexit><latexit sha1_base64="ZePl/K7XOotGqRT1NGq/JEsnXug="></latexit><latexit sha1_base64="ZePl/K7XOotGqRT1NGq/JEsnXug="></latexit><latexit sha1_base64="ZePl/K7XOotGqRT1NGq/JEsnXug="></latexit>

¥ Zero Kendall/Spearman rank correlation doesNOT
mean independence;

<latexit sha1_base64="JLlte6wnJtPGUyIzXPOemxhPQJU="></latexit><latexit sha1_base64="JLlte6wnJtPGUyIzXPOemxhPQJU="></latexit><latexit sha1_base64="JLlte6wnJtPGUyIzXPOemxhPQJU="></latexit><latexit sha1_base64="JLlte6wnJtPGUyIzXPOemxhPQJU="></latexit>

KendallÕs tau/SpearmanÕs rho
<latexit sha1_base64="GeoqUPyRvxVB/n3hZClaUeIdELI="></latexit><latexit sha1_base64="GeoqUPyRvxVB/n3hZClaUeIdELI="></latexit><latexit sha1_base64="GeoqUPyRvxVB/n3hZClaUeIdELI="></latexit><latexit sha1_base64="GeoqUPyRvxVB/n3hZClaUeIdELI="></latexit>
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¥ HoeffdingÕs insight: measure of dependence

(JOC/EFR April 2019)

bivariate CDF of ( X, Y )
<latexit sha1_base64="ITwRD7HLBhJLYsVvk1odxRomWh8="></latexit><latexit sha1_base64="ITwRD7HLBhJLYsVvk1odxRomWh8="></latexit><latexit sha1_base64="ITwRD7HLBhJLYsVvk1odxRomWh8="></latexit><latexit sha1_base64="ITwRD7HLBhJLYsVvk1odxRomWh8="></latexit>

marginals CDFs of X and Y
<latexit sha1_base64="xAyDGlr2nIu7AOC0X76+4ROiYhI="></latexit><latexit sha1_base64="xAyDGlr2nIu7AOC0X76+4ROiYhI="></latexit><latexit sha1_base64="xAyDGlr2nIu7AOC0X76+4ROiYhI="></latexit><latexit sha1_base64="xAyDGlr2nIu7AOC0X76+4ROiYhI="></latexit>

D (X, Y ) :=
!

(F ! F1F2)2dF
<latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit>

Hoe! ding (1948): D (X, Y ) ! 0. If in addition F is abso-
lutely continuous, then D(X, Y ) = 0 i ! F = F1F2.

<latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit>
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¥ HoeffdingÕs insight: estimation

(JOC/EFR April 2019)

!
(F ! F1F2)2dF

<latexit sha1_base64="z8BXiiMjlzKzDmUHM7xL3Vsn7io="></latexit><latexit sha1_base64="z8BXiiMjlzKzDmUHM7xL3Vsn7io="></latexit><latexit sha1_base64="z8BXiiMjlzKzDmUHM7xL3Vsn7io="></latexit><latexit sha1_base64="z8BXiiMjlzKzDmUHM7xL3Vsn7io="></latexit>

=
!

F 2dF ! 2
!

F F1F2dF +
!

F 2
1 F 2

2 dF
<latexit sha1_base64="fGLRie10CcS2x2+cvFay53v3t2I="></latexit><latexit sha1_base64="fGLRie10CcS2x2+cvFay53v3t2I="></latexit><latexit sha1_base64="fGLRie10CcS2x2+cvFay53v3t2I="></latexit><latexit sha1_base64="fGLRie10CcS2x2+cvFay53v3t2I="></latexit>

= E1(X 1 ! X 3, Y1 ! Y3)1(X 2 ! X 3, Y2 ! Y3)
<latexit sha1_base64="A+Os8mqHUl6Yf1nl3RGFMft53+U="></latexit><latexit sha1_base64="A+Os8mqHUl6Yf1nl3RGFMft53+U="></latexit><latexit sha1_base64="A+Os8mqHUl6Yf1nl3RGFMft53+U="></latexit><latexit sha1_base64="A+Os8mqHUl6Yf1nl3RGFMft53+U="></latexit>

2E1(X 1 ! X 4, Y1 ! Y4)1(X 2 ! X 4)1(Y3 ! Y4)
<latexit sha1_base64="oWEcTWN5gGCdLUrz/sEMbMAFMSU="></latexit><latexit sha1_base64="oWEcTWN5gGCdLUrz/sEMbMAFMSU="></latexit><latexit sha1_base64="oWEcTWN5gGCdLUrz/sEMbMAFMSU="></latexit><latexit sha1_base64="oWEcTWN5gGCdLUrz/sEMbMAFMSU="></latexit>

!<latexit sha1_base64="Qy558EdrThkMOxs/atTBpVs/g88="></latexit><latexit sha1_base64="Qy558EdrThkMOxs/atTBpVs/g88="></latexit><latexit sha1_base64="Qy558EdrThkMOxs/atTBpVs/g88="></latexit><latexit sha1_base64="Qy558EdrThkMOxs/atTBpVs/g88="></latexit>

+
<latexit sha1_base64="VgNlVifWqQwTJYlSLoUW0zasvz4="></latexit><latexit sha1_base64="VgNlVifWqQwTJYlSLoUW0zasvz4="></latexit><latexit sha1_base64="VgNlVifWqQwTJYlSLoUW0zasvz4="></latexit><latexit sha1_base64="VgNlVifWqQwTJYlSLoUW0zasvz4="></latexit>

E1(X 1 ! X 5)1(X 2 ! X 5)1(Y3 ! Y5)1(Y4 ! Y5)
<latexit sha1_base64="a7F/fetelcfILDilCJ3Ak0T3yWE="></latexit><latexit sha1_base64="a7F/fetelcfILDilCJ3Ak0T3yWE="></latexit><latexit sha1_base64="a7F/fetelcfILDilCJ3Ak0T3yWE="></latexit><latexit sha1_base64="a7F/fetelcfILDilCJ3Ak0T3yWE="></latexit>

!Dn =
"

n

5

#! 1 $

1" i 1 <i 2 < ááá<i 5 " n

hD

%"X i 1

Yi 1

#
, . . . ,

" X i 5

Yi 5

#&

<latexit sha1_base64="mpSW8JLUfqZc5v+eQBrIgp6VofQ="></latexit><latexit sha1_base64="mpSW8JLUfqZc5v+eQBrIgp6VofQ="></latexit><latexit sha1_base64="mpSW8JLUfqZc5v+eQBrIgp6VofQ="></latexit><latexit sha1_base64="mpSW8JLUfqZc5v+eQBrIgp6VofQ="></latexit>

a U-statistics
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Theorem (Hoe! ding, 1948). Under H0, we have

!
5

2

" ! 1
(n ! 1) #Dn

d!"
3
! 4

"$

i,j =1

1
i 2j 2 (" 2

ij ! 1),

where { " ij , i, j = 1 , 2, . . .} are i.i.d. standard Gaussian ran-
dom variables.

<latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit>

¥ A one-sidedand directly implementable test of H0 can
be immediately obtained from the above theorem.

<latexit sha1_base64="AEIiZvLU3oLBXIqaWipqBfD8LDQ="></latexit><latexit sha1_base64="AEIiZvLU3oLBXIqaWipqBfD8LDQ="></latexit><latexit sha1_base64="AEIiZvLU3oLBXIqaWipqBfD8LDQ="></latexit><latexit sha1_base64="AEIiZvLU3oLBXIqaWipqBfD8LDQ="></latexit>

¥ The above is a standardnon-central limit theorem for
degenerateU-statistics; the convergence is amixture
of chi-squaresinstead of simple Gaussian distribution.

<latexit sha1_base64="wKQkODqjP7h6RqQ7muQlTrEFf08="></latexit><latexit sha1_base64="wKQkODqjP7h6RqQ7muQlTrEFf08="></latexit><latexit sha1_base64="wKQkODqjP7h6RqQ7muQlTrEFf08="></latexit><latexit sha1_base64="wKQkODqjP7h6RqQ7muQlTrEFf08="></latexit>

D (X, Y ) � 0
<latexit sha1_base64="w5dxDOiQGzaoqFqsaSh3nG54Bmw="></latexit><latexit sha1_base64="w5dxDOiQGzaoqFqsaSh3nG54Bmw="></latexit><latexit sha1_base64="w5dxDOiQGzaoqFqsaSh3nG54Bmw="></latexit><latexit sha1_base64="w5dxDOiQGzaoqFqsaSh3nG54Bmw="></latexit>
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¥ Bivariate case

¥ Discussion

¥ High dimensional case
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¥ Data: { (X i = ( X i, 1, . . . , X i,p )! ! Rp, i ! [n]} i.i.d.
distributed with continuous marginal CDFs.

¥ Aim: testing if the following null hypothesis is true:

H0 : X 1, . . . , X p are mutually independent.
<latexit sha1_base64="e7TlwDTcj1nhecd8wZceT3cmi04="></latexit><latexit sha1_base64="e7TlwDTcj1nhecd8wZceT3cmi04="></latexit><latexit sha1_base64="e7TlwDTcj1nhecd8wZceT3cmi04="></latexit><latexit sha1_base64="e7TlwDTcj1nhecd8wZceT3cmi04="></latexit>

Proposal:

¥ Look at each pair of covariatesin the data: { (X i,j , X i,k )! , j <
k ! [p], i ! [n]} ;

<latexit sha1_base64="vq4o5u1HymjgFSlB1HIh+oVwGwk="></latexit><latexit sha1_base64="vq4o5u1HymjgFSlB1HIh+oVwGwk="></latexit><latexit sha1_base64="vq4o5u1HymjgFSlB1HIh+oVwGwk="></latexit><latexit sha1_base64="vq4o5u1HymjgFSlB1HIh+oVwGwk="></latexit>

¥ Calculate the Hoe! dingÕsD statistic !D jk of each pair;
<latexit sha1_base64="2+ZbpREbRIjEvfc1hj5BVKjREfQ="></latexit><latexit sha1_base64="2+ZbpREbRIjEvfc1hj5BVKjREfQ="></latexit><latexit sha1_base64="2+ZbpREbRIjEvfc1hj5BVKjREfQ="></latexit><latexit sha1_base64="2+ZbpREbRIjEvfc1hj5BVKjREfQ="></latexit>

¥ The proposed test statistic then ismax
j<k

!D jk .
<latexit sha1_base64="SDVYhuDz8Pr4e0MblxDfA2r+b/A="></latexit><latexit sha1_base64="SDVYhuDz8Pr4e0MblxDfA2r+b/A="></latexit><latexit sha1_base64="SDVYhuDz8Pr4e0MblxDfA2r+b/A="></latexit><latexit sha1_base64="SDVYhuDz8Pr4e0MblxDfA2r+b/A="></latexit>
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What is the null distribution of max
j<k

!D jk as possiblyp ! n?
<latexit sha1_base64="Ko1loLGBCVEvlZHacm90NfSiJaM="></latexit><latexit sha1_base64="Ko1loLGBCVEvlZHacm90NfSiJaM="></latexit><latexit sha1_base64="Ko1loLGBCVEvlZHacm90NfSiJaM="></latexit><latexit sha1_base64="Ko1loLGBCVEvlZHacm90NfSiJaM="></latexit>

Theorem (Hoe! ding, 1948). Under H0, we have

!
5

2

" ! 1
(n ! 1) #Dn

d!"
3
! 4

"$

i,j =1

1
i 2j 2 (" 2

ij ! 1),

where { " ij , i, j = 1 , 2, . . .} are i.i.d. standard Gaussian ran-
dom variables.

<latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit><latexit sha1_base64="vDAq4edHzoWmKvdkEwNVeYSMLBQ="></latexit>

Proposition (DHS, 2019). Let Y1, . . . , Yd bed = p(p! 1)/ 2 independent copies ofY d=
! !

v=1 ! v (" 2
v !

1) with ! v " 0 and ⇤ :=
!

v ! v < # . Then, as p $ # ,

max
j " [d]

Yj

! 1
! 4 logp ! (µ1 ! 2) log logp +

⇤

! 1

d!$ G.

Here G follows a Gumbel distribution with distribution function

exp
"

!
2µ1/ 2# 2#
�(µ1/ 2)

exp
#

!
y
2

$%
,

where µ1 is the multiplicity of the largest eigenvalue ! 1 in the sequence{! 1, ! 2, . . . }, # :=& !
v= µ1+1 (1 ! ! v / ! 1)# 1/ 2, and �(z) :=

' !
0 xz# 1e# x dx is the gamma function.

<latexit sha1_base64="kJGQKCXG3rWTl2N4DdY1RJdmPTI="></latexit><latexit sha1_base64="kJGQKCXG3rWTl2N4DdY1RJdmPTI="></latexit><latexit sha1_base64="kJGQKCXG3rWTl2N4DdY1RJdmPTI="></latexit><latexit sha1_base64="kJGQKCXG3rWTl2N4DdY1RJdmPTI="></latexit>
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The major technical obstacle:

how fast is each !Djk weakly converging to the limit?
<latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit>

We need a CMDT for
degenerate U-statistics!

However, it is long-standing openÉ
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The major technical obstacle:

how fast is each !Djk weakly converging to the limit?
<latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit><latexit sha1_base64="/cp5SvdshTzjoU0bVQxkbFl8UJQ="></latexit>

Theorem (DHS, 2019). CMDT for degenerate U-
statistics: We have, for any sequence of positive scalars
en ! 0,

lim
n !"

sup
x n # [$ ! ,en n

1
8 ! ! ]

!
!
!
!
!
!

Pr
" #5

2

$$ 1
(n " 1) %Djk > x n

&

Pr
"

3
! 4

' "
i,j =1

1
i 2 j 2 (! 2

ij " 1) > x n

& " 1

!
!
!
!
!
!

= 0 ,

where { ! ij , i, j = 1 , 2, . . .} are i.i.d. standard Gaussian and
" is an arbitrarily small universal constant.

<latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit>
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Theorem (DHS, 2019). CMDT for degenerate U-
statistics: We have, for any sequence of positive scalars
en ! 0,

lim
n !"

sup
x n # [$ ! ,en n

1
8 ! ! ]

!
!
!
!
!
!

Pr
" #5

2

$$ 1
(n " 1) %Djk > x n

&

Pr
"

3
! 4

' "
i,j =1

1
i 2 j 2 (! 2

ij " 1) > x n

& " 1

!
!
!
!
!
!

= 0 ,

where { ! ij , i, j = 1 , 2, . . .} are i.i.d. standard Gaussian and
" is an arbitrarily small universal constant.

<latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit><latexit sha1_base64="b9tTq/3enHOsIfCiYqDlxEvLx0k="></latexit>

Corollary (DHS, 2019). We have, asp, n ! " and logp = o(n1/ 8! ! ),

lim
n,p "#

Pr
! ! 4(n # 1)

30
max
j<k

"D jk # 4 logp + log log p +
! 4

36
> Q D, "

#
= "

with QD, " := log { #2
D / (8! )} # 2 log log(1# " )! 1 and #D :=

!
2

$ #
n =2

# /n
sin( # /n )

#1/ 2
$ 2.466.

<latexit sha1_base64="lI+4KWrWIz1bknD4uMd+DcOBal0="></latexit><latexit sha1_base64="lI+4KWrWIz1bknD4uMd+DcOBal0="></latexit><latexit sha1_base64="lI+4KWrWIz1bknD4uMd+DcOBal0="></latexit><latexit sha1_base64="lI+4KWrWIz1bknD4uMd+DcOBal0="></latexit>
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Goals to reach:
¥ the dimension p should be allowed to bemuch larger

than the sample sizen;
<latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit>

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

¥ the test should beconsistent in a certain sense;
<latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit>

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>

logp = o(n1/ 8! ! )
<latexit sha1_base64="PMKB7oNTZTAcuYzeOGX4HNFk5jM="></latexit><latexit sha1_base64="PMKB7oNTZTAcuYzeOGX4HNFk5jM="></latexit><latexit sha1_base64="PMKB7oNTZTAcuYzeOGX4HNFk5jM="></latexit><latexit sha1_base64="PMKB7oNTZTAcuYzeOGX4HNFk5jM="></latexit>

TD, ! := 1
!

" 4 (n ! 1)
30 maxj<k "D jk ! 4 logp + log log p + " 4

36 > Q D, !

#

<latexit sha1_base64="IINZoPuP4JppjOgPl7fwRaAwjQ4="></latexit><latexit sha1_base64="IINZoPuP4JppjOgPl7fwRaAwjQ4="></latexit><latexit sha1_base64="IINZoPuP4JppjOgPl7fwRaAwjQ4="></latexit><latexit sha1_base64="IINZoPuP4JppjOgPl7fwRaAwjQ4="></latexit>

permit consistent assessment of pairwise independence
<latexit sha1_base64="VDzqqlp22uSpwjMPvGXcAsI7dm0="></latexit><latexit sha1_base64="VDzqqlp22uSpwjMPvGXcAsI7dm0="></latexit><latexit sha1_base64="VDzqqlp22uSpwjMPvGXcAsI7dm0="></latexit><latexit sha1_base64="VDzqqlp22uSpwjMPvGXcAsI7dm0="></latexit>
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Goals to reach:

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>

V(C) :=
!

M ! Rp! p: M " 0, diag(M )= I p, M = M " , max
j #= k

|M jk | # C

"
logp

n

#

<latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit>

sparse alternative class

The above is the critical power range.

Theorem (Theorem 5, HCL (2017)). There exists a universal constantc0 > 0 such that for
any number ! > 0 satisfying " + ! < 1, in any asymptotic regime with p ! " as n ! " but
logp/n = o(1), it holds for all su! ciently large n and p that

inf
T ! ! T!

sup
! ! V (c0 )

Pr! (T ! = 0) # 1 $ " $ ! .

Here the inÞmum is taken over all size-" tests, and the supremum is taken over all centered
Gaussian distributions with (Pearson) covariance matrix ! .

<latexit sha1_base64="96QDeZt7XYR1/lMjDpCYS44k7yo="></latexit><latexit sha1_base64="96QDeZt7XYR1/lMjDpCYS44k7yo="></latexit><latexit sha1_base64="96QDeZt7XYR1/lMjDpCYS44k7yo="></latexit><latexit sha1_base64="96QDeZt7XYR1/lMjDpCYS44k7yo="></latexit>
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Goals to reach:

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>

V(C) :=
!

M ! Rp! p: M " 0, diag(M )= I p, M = M " , max
j #= k

|M jk | # C

"
logp

n

#

<latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit><latexit sha1_base64="o3YLebynUL2vKq9qe6g+gaIROhw="></latexit>

sparse alternative class

Theorem (DHS, 2019). For a su! ciently large universal
constant C0 > 0, we have, as long asn, p ! " ,

inf
! ! V (C0 )

Pr! (TD, ! = 1) = 1 # o(1)

where the inÞmum is over centered Gaussian distributions
with (Pearson) covariance matrix ! .

<latexit sha1_base64="cSovENmWN23Mif+rlOpD3MJObcw="></latexit><latexit sha1_base64="cSovENmWN23Mif+rlOpD3MJObcw="></latexit><latexit sha1_base64="cSovENmWN23Mif+rlOpD3MJObcw="></latexit><latexit sha1_base64="cSovENmWN23Mif+rlOpD3MJObcw="></latexit>

The proposed test is right on the boundary (up to constant)!
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¥ HoeffdingÕs measure of dependence

D(X, Y ) :=
!

(F ! F1F2)2dF
<latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit><latexit sha1_base64="UYaBHgvwjoHRpNjOfNbRxf8AbRE="></latexit>

Hoe! ding (1948): D (X, Y ) ! 0. If in addition F is abso-
lutely continuous, then D(X, Y ) = 0 i ! F = F1F2.

<latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit><latexit sha1_base64="/foHkegcWGffN6kPP4WGN+GqfqE="></latexit>

¥ Blum-Kiefer-RosenblattÕs modiÞcation

R(X, Y ) :=
!

(F ! F1F2)2d(F1 " F2)
<latexit sha1_base64="GsfJfwq0GZM7LwQHxn3nWVOSuhU="></latexit><latexit sha1_base64="GsfJfwq0GZM7LwQHxn3nWVOSuhU="></latexit><latexit sha1_base64="GsfJfwq0GZM7LwQHxn3nWVOSuhU="></latexit><latexit sha1_base64="GsfJfwq0GZM7LwQHxn3nWVOSuhU="></latexit>

BKR (1961) : without any distributional assumption , we
have R(X, Y ) ! 0 and R(X, Y ) = 0 i ! F = F1F2.

<latexit sha1_base64="8C2sFmVBZbZziWG9SAAPtXoq5WU="></latexit><latexit sha1_base64="8C2sFmVBZbZziWG9SAAPtXoq5WU="></latexit><latexit sha1_base64="8C2sFmVBZbZziWG9SAAPtXoq5WU="></latexit><latexit sha1_base64="8C2sFmVBZbZziWG9SAAPtXoq5WU="></latexit>

!Rn =
"

n

6

#! 1 $

1" i 1 <i 2 < ááá<i 6 " n

hR

%"X i 1

Yi 1

#
, . . . ,

" X i 6

Yi 6

#&

<latexit sha1_base64="saOlFK4QQG/wFIlLPchnigtXRko="></latexit><latexit sha1_base64="saOlFK4QQG/wFIlLPchnigtXRko="></latexit><latexit sha1_base64="saOlFK4QQG/wFIlLPchnigtXRko="></latexit><latexit sha1_base64="saOlFK4QQG/wFIlLPchnigtXRko="></latexit>

U-statistic of order 5

U-statistic of order 6
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¥ Bergsma and DassiosÕs proposal

!! !
n =

"
n

4

#" 1 $

1# i 1 <i 2 < ááá<i 4 # n

h! !

%"X i 1

Yi 1

#
, . . . ,

" X i 4

Yi 4

#&

<latexit sha1_base64="hZta3P/1Kvml1XbDNJLIFUgQiQo="></latexit><latexit sha1_base64="hZta3P/1Kvml1XbDNJLIFUgQiQo="></latexit><latexit sha1_base64="hZta3P/1Kvml1XbDNJLIFUgQiQo="></latexit><latexit sha1_base64="hZta3P/1Kvml1XbDNJLIFUgQiQo="></latexit>

Bergsma and Dassios (2014): Eh!
! ! 0, and if (X, Y ) are

absolutely continuous or discrete or a mixture of both, then
Eh!

! = 0 i ! X, Y are independent.
<latexit sha1_base64="pJGvHDmKAIGzTB1zpbNMmenvrQU="></latexit><latexit sha1_base64="pJGvHDmKAIGzTB1zpbNMmenvrQU="></latexit><latexit sha1_base64="pJGvHDmKAIGzTB1zpbNMmenvrQU="></latexit><latexit sha1_base64="pJGvHDmKAIGzTB1zpbNMmenvrQU="></latexit>

a mysterious kernelÉ



What we knew
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¥ Hoeffding, BKR, and Bergsma-Dassios are really alike 
each otherÉ 

¥ As a matter of fact, they are asymptotically equivalent  up 
to scaling!



What we now know
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¥ There exists an identity between Hoeffding, BKR, and 
Bergsma-Dassios!

(�ý

�.�Q�‹�¸�j���Y�n�ä�ú�Å�´�¼�Õ )

3 !Dn + 2 !Rn = 5 !⌧⇤n
<latexit sha1_base64="370Y9DlBgXjzJxh4Wpe2DjlcUJc="></latexit><latexit sha1_base64="370Y9DlBgXjzJxh4Wpe2DjlcUJc="></latexit><latexit sha1_base64="370Y9DlBgXjzJxh4Wpe2DjlcUJc="></latexit><latexit sha1_base64="370Y9DlBgXjzJxh4Wpe2DjlcUJc="></latexit>

as long as there is no tie



Outline
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¥ Bivariate case

¥ Discussion

¥ High dimensional case



Discussion
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¥ A Cramer moderate deviation theorem for general 
degenerate U-statistics has also been derived.

¥ We note that computing all three is super fast; O{n 
Pol(log n)} complexity.

¥ Room still left for improvement.

¥ The Þrst optimal consistent test of independence in high 
dimensions.

¥ Open doors to new problems?





Two problems
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¥ Problem 1: marginal rank

¥ Problem 2: multivariate rank



Problem 2
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...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

Data:

We consider testing independence  of two random 
vectors of Þxed probability measure based on limited 
information.

X = ( X 1, X 2, . . . , X p)!
<latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit>

p covariates
<latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit><latexit sha1_base64="hqY7V8Kxr+w3rt85Tk4KzTJDuXU=">AAACBXicbVC7TgJBFJ31ifhCLW0mgokV2aXRypDYWGIijwRWMjvMwoR5bGbukhBC7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybEyWCW/D9b29jc2t7Zze3l98/ODw6LpycNqxODWV1qoU2rYhYJrhideAgWCsxjMhIsGY0vJv5zREzlmv1COOEhZL0FY85JeCkp1JSwlSPiOEEmO0Win7ZnwOvkyAjRZSh1i38dHqappIpoIJY2w78BMIJMcCpYNN8J7UsIXRI+qztqCKS2XAy/3qKL53Sw7E2bhTgufr3YkKktWMZuU1JYGBXvZn4n9dOIb4JJ1wlKTBFF0FxKjBoPKsA97hhFMTYEUINd79iOiCGUHBFLaVEcpp3pQSrFayTRqUc+OXgoVKs3mb15NA5ukBXKEDXqIruUQ3VEUUGvaBX9OY9e+/eh/e5WN3wspsztATv6xdFvJiv</latexit>

Y = ( Y1, Y2, . . . , Yq)!
<latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit>

q covariates
<latexit sha1_base64="7851BO6Qxr/Ns5vuKyfOHk6YqTw="></latexit><latexit sha1_base64="7851BO6Qxr/Ns5vuKyfOHk6YqTw="></latexit><latexit sha1_base64="7851BO6Qxr/Ns5vuKyfOHk6YqTw="></latexit><latexit sha1_base64="7851BO6Qxr/Ns5vuKyfOHk6YqTw="></latexit>

H0 : X is independent of Y .
<latexit sha1_base64="8LszbheFeH7KBOx3dyX0tWqZB0E="></latexit><latexit sha1_base64="8LszbheFeH7KBOx3dyX0tWqZB0E="></latexit><latexit sha1_base64="8LszbheFeH7KBOx3dyX0tWqZB0E="></latexit><latexit sha1_base64="8LszbheFeH7KBOx3dyX0tWqZB0E="></latexit>

(X1,Y1)
<latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit>

(X2,Y2)
<latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit>

(Xn,Yn)
<latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit>

n independent copies of (X , Y )
<latexit sha1_base64="JlARC7MZozVX7N+ODUPNHIv3hRY="></latexit><latexit sha1_base64="JlARC7MZozVX7N+ODUPNHIv3hRY="></latexit><latexit sha1_base64="JlARC7MZozVX7N+ODUPNHIv3hRY="></latexit><latexit sha1_base64="JlARC7MZozVX7N+ODUPNHIv3hRY="></latexit>
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Goals to reach:

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

¥ the test should beconsistent in a certain sense;
<latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit>

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>

¥ the dimension p should be allowed to bemuch larger
than the sample sizen;

<latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit><latexit sha1_base64="ch2Ot8D8pvlrg7HMegP69prberI="></latexit>

a long-standing open problem!

impossible in certain sense
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¥ Multivariate rank

¥ Discussion

¥ The proposed test
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¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

Tests built on marginal ranks are no longer distribution-free:

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

possibly correlated with

ranks of {X1,j , . . . , Xn,j}
<latexit sha1_base64="zhG090nKjOYSiUGgu5Z2B7pWRy4="></latexit><latexit sha1_base64="zhG090nKjOYSiUGgu5Z2B7pWRy4="></latexit><latexit sha1_base64="zhG090nKjOYSiUGgu5Z2B7pWRy4="></latexit><latexit sha1_base64="zhG090nKjOYSiUGgu5Z2B7pWRy4="></latexit>

ranks of {X1,k, . . . , Xn,k}
<latexit sha1_base64="PMKrhSYJ9aWMaelSZLFesXn6jNw="></latexit><latexit sha1_base64="PMKrhSYJ9aWMaelSZLFesXn6jNw="></latexit><latexit sha1_base64="PMKrhSYJ9aWMaelSZLFesXn6jNw="></latexit><latexit sha1_base64="PMKrhSYJ9aWMaelSZLFesXn6jNw="></latexit>

• Data: {(Xi 2 Rp
,Yi 2 Rq), i 2 [n]} i.i.d. distributed

with fixed nonvanishing probability measures forX,Y .

• Aim: testing if “H0 : X |= Y ” is true.
<latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit>
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¥ Insight: redeÞning rank  in general dimension

(Marc Hallin; 

ULB MATHEMATICAL 

STATISTICS GROUP)
Pd

<latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit>

a general measure satisfying 

the non-vanishing property

a general measure satisfying 

the non-vanishing property

Ud
<latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit>

uniform distribution over
d-dimensional unit-ball

F±
<latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit>

ÒHallinÕsÓ population distribution function
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¥ Insight: redeÞning rank  in general dimension

Pd
<latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit><latexit sha1_base64="R64EuscK255nEjCnG0qZQcv34YU="></latexit>

Ud
<latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit><latexit sha1_base64="Gn630UdKwrUbfhNlR9nD+yJl1e0="></latexit>

F±
<latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit><latexit sha1_base64="IzYr3/zb/nOEbnEBgQ4W/fyQ96k="></latexit> inf

T

R
Rd

���T (x)� x
���
2

2
dPd

<latexit sha1_base64="qcJ+N5a7w2ekrlDYd21jTeeq+ow="></latexit><latexit sha1_base64="qcJ+N5a7w2ekrlDYd21jTeeq+ow="></latexit><latexit sha1_base64="qcJ+N5a7w2ekrlDYd21jTeeq+ow="></latexit><latexit sha1_base64="qcJ+N5a7w2ekrlDYd21jTeeq+ow="></latexit>

subject to T]Pd = Ud
<latexit sha1_base64="XXLakMZwYO0A97b2RREd5MjTytw="></latexit><latexit sha1_base64="XXLakMZwYO0A97b2RREd5MjTytw="></latexit><latexit sha1_base64="XXLakMZwYO0A97b2RREd5MjTytw="></latexit><latexit sha1_base64="XXLakMZwYO0A97b2RREd5MjTytw="></latexit>

optimal transport problem

¥ Existence, uniqueness, and bijection: Main Theorem 
in McCann (1995, p. 310) 

¥ Homeomorphisms: Theorem 1.1 in Figalli (2018, p. 2): 

“The set F�1
± (0) is compact and has Lebesgue measure zero; the restrictions of F±(·) and

F�1
± (·) to Rd\F�1

± (0) and Sd\{0} are homeomorphisms between Rd\F�1
± (0) and Sd\{0}”.

<latexit sha1_base64="XFNNmj2oDBEW3a6uycCHLlWlEmc="></latexit><latexit sha1_base64="XFNNmj2oDBEW3a6uycCHLlWlEmc="></latexit><latexit sha1_base64="XFNNmj2oDBEW3a6uycCHLlWlEmc="></latexit><latexit sha1_base64="XFNNmj2oDBEW3a6uycCHLlWlEmc="></latexit>
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Solution
¥ Insight: how to estimate

(Marc Hallin; 

ULB MATHEMATICAL 

STATISTICS GROUP)

ÒHallinÕsÓ ECDF

F(n )
±

<latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit>

U(n )
d

<latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit>

P (n )
d

<latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit>



Solution

 36

¥ Insight: redeÞning rank  in general dimension

F(n )
±

<latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit>

U(n )
d

<latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit>

P (n )
d

<latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit>

F (n )
± := argmin

T ! T

n!

i =1

"
"
" X i ! T(X i )

"
"
"

2

2
<latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit>

Rd
<latexit sha1_base64="qP06b3KB+doeSNDccd5fFDMi8/s="></latexit><latexit sha1_base64="qP06b3KB+doeSNDccd5fFDMi8/s="></latexit><latexit sha1_base64="qP06b3KB+doeSNDccd5fFDMi8/s="></latexit><latexit sha1_base64="qP06b3KB+doeSNDccd5fFDMi8/s="></latexit>

T
<latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit>

S(n )
d

<latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit>

consisting of n points that 

approximate the unit-ball
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¥ Insight: redeÞning rank  in general dimension

F(n )
±

<latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit><latexit sha1_base64="EJc2Br/6bJlpiw1bW14LjVNW24s="></latexit>

U(n )
d

<latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit><latexit sha1_base64="oHjJdxhR1Jh5APJCTi8QAu64fBQ="></latexit>

P (n )
d

<latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit><latexit sha1_base64="mOXavN7L+TlPdfEb5Tx2XhOFz0Q="></latexit>

F (n )
± := argmin

T ! T

n!

i =1

"
"
" X i ! T(X i )

"
"
"

2

2
<latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit><latexit sha1_base64="5V6NABpofKkGP/G+TgdbDzGgpbE="></latexit>

Hallin 2017 (Proposition 6.1): Let X 1, . . . , X n be i.i.d.
with nonvanishing distribution Pd. Then (F(n )

± (X 1), . . . , F (n )
± (X n ))

is uniformly distributed over all permutations of S(n )
d .

<latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit>

ÒHallinÕsÓ rank is distribution-free:

And we also have a G-C theorem to quantify convergence.  
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¥ HallinÕs multivariate rank

¥ Discussion

¥ The proposed test
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Proposal:

¥ Calculate HallinÕs ranksF(n )
X ,± (X 1), . . . , F (n )

X ,± (X n ) and

F(n )
Y ,± (Y1), . . . , F (n )

Y ,± (Yn );
<latexit sha1_base64="MkCOYCIrpJfxelafmXWreMzMTm8="></latexit><latexit sha1_base64="MkCOYCIrpJfxelafmXWreMzMTm8="></latexit><latexit sha1_base64="MkCOYCIrpJfxelafmXWreMzMTm8="></latexit><latexit sha1_base64="MkCOYCIrpJfxelafmXWreMzMTm8="></latexit>

¥ Combine HallinÕs ranks withdistance covariance, ob-
taining the test statistic

!M n := n ádCov2
n ((F (n )

X ,± (X i )) n
i =1 , (F (n )

Y ,± (Yi )) n
i =1 );

<latexit sha1_base64="6zBqJovpxax8dJq8nOZVuaBQuQ4="></latexit><latexit sha1_base64="6zBqJovpxax8dJq8nOZVuaBQuQ4="></latexit><latexit sha1_base64="6zBqJovpxax8dJq8nOZVuaBQuQ4="></latexit><latexit sha1_base64="6zBqJovpxax8dJq8nOZVuaBQuQ4="></latexit>

¥ Reject H0 if cMn is large enough.
<latexit sha1_base64="9VZ6cRRDkm1yuNA3jGP9nxNZ5rc="></latexit><latexit sha1_base64="9VZ6cRRDkm1yuNA3jGP9nxNZ5rc="></latexit><latexit sha1_base64="9VZ6cRRDkm1yuNA3jGP9nxNZ5rc="></latexit><latexit sha1_base64="9VZ6cRRDkm1yuNA3jGP9nxNZ5rc="></latexit>

¥ Data: { (Xi 2 Rp
,Yi 2 Rq), i 2 [n]} i.i.d. distributed

with Þxednonvanishing probability measuresfor X,Y .

¥ Aim: testing if ÒH0 : X |= Y Ó is true.
<latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit><latexit sha1_base64="thlqfNXsH+RBrUuhFjyUNQ85Ddo="></latexit>

converge to BKR in one-dimension
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What is the null distribution of !M n ?
<latexit sha1_base64="lWQfXELgl5i7TSIJ4VcLm44OvpY="></latexit><latexit sha1_base64="lWQfXELgl5i7TSIJ4VcLm44OvpY="></latexit><latexit sha1_base64="lWQfXELgl5i7TSIJ4VcLm44OvpY="></latexit><latexit sha1_base64="lWQfXELgl5i7TSIJ4VcLm44OvpY="></latexit>

¥ Consider theÒpopulationÓHallinÕs ranksFX ,± (X i ) !
Up and FY ,± (Yi ) ! Uq;

<latexit sha1_base64="ZhGQX9M7zOCj/HuiPeT2s6QWN5g="></latexit><latexit sha1_base64="ZhGQX9M7zOCj/HuiPeT2s6QWN5g="></latexit><latexit sha1_base64="ZhGQX9M7zOCj/HuiPeT2s6QWN5g="></latexit><latexit sha1_base64="ZhGQX9M7zOCj/HuiPeT2s6QWN5g="></latexit>

¥ Lead to the ÒoracleÓtest statistic:

!M n := n ádCov2
n ((FX ,± (X i )) n

i =1 , (FY ,± (Yi )) n
i =1 );

<latexit sha1_base64="UT1tXKUvL/rwa9ppkxVkpsQ3eEA="></latexit><latexit sha1_base64="UT1tXKUvL/rwa9ppkxVkpsQ3eEA="></latexit><latexit sha1_base64="UT1tXKUvL/rwa9ppkxVkpsQ3eEA="></latexit><latexit sha1_base64="UT1tXKUvL/rwa9ppkxVkpsQ3eEA="></latexit>

¥ Standard exercise (e.g.Jakobsen (2017, Theorem 5.10))
gives, underH0,

!M n
d!

!"

k=1

! k (" 2
k " 1),

where ! 1, ! 2, . . . are nonnegative constants only de-
pend on p, q.

<latexit sha1_base64="6tX2ST4oK60Ys/zZ0h7n6mhnt0A="></latexit><latexit sha1_base64="6tX2ST4oK60Ys/zZ0h7n6mhnt0A="></latexit><latexit sha1_base64="6tX2ST4oK60Ys/zZ0h7n6mhnt0A="></latexit><latexit sha1_base64="6tX2ST4oK60Ys/zZ0h7n6mhnt0A="></latexit>
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Main Theorem (SDH 2019+). Let (X 1, Y1), . . . , (X n , Yn )
be independent copies of (X , Y ) with Þxed nonvanishing
probability measures PX , PY and X and Y are indepen-
dent. Then it holds that

!M n
d!"

!"

k=1

! k (" 2
k ! 1).

<latexit sha1_base64="RTlcEkYJqZq0sRqQ1qld4oQrLZs="></latexit><latexit sha1_base64="RTlcEkYJqZq0sRqQ1qld4oQrLZs="></latexit><latexit sha1_base64="RTlcEkYJqZq0sRqQ1qld4oQrLZs="></latexit><latexit sha1_base64="RTlcEkYJqZq0sRqQ1qld4oQrLZs="></latexit>

Hallin 2017 (Proposition 6.1): Let X 1, . . . , X n be i.i.d.
with nonvanishing distribution Pd. Then (F(n )

± (X 1), . . . , F (n )
± (X n ))

is uniformly distributed over all permutations of S(n )
d .

<latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit><latexit sha1_base64="JC93aQehbNwk9tBbIwN0OfE6G3w="></latexit>

cMn := n · dCov2n((F
(n)
X,±(Xi))ni=1, (F

(n)
Y ,±(Yi))ni=1) is relying

on the product space of two uniform permutation measures.
<latexit sha1_base64="dV5Y4gRjqOnpiMOZrjBoYbvaJFE="></latexit><latexit sha1_base64="dV5Y4gRjqOnpiMOZrjBoYbvaJFE="></latexit><latexit sha1_base64="dV5Y4gRjqOnpiMOZrjBoYbvaJFE="></latexit><latexit sha1_base64="dV5Y4gRjqOnpiMOZrjBoYbvaJFE="></latexit>

The Main Theorem is hence intrinsically a combinatorial
non-central limit theorem.

<latexit sha1_base64="CjBIKlIuAbYqz9aqC/iE5+U1Z8k="></latexit><latexit sha1_base64="CjBIKlIuAbYqz9aqC/iE5+U1Z8k="></latexit><latexit sha1_base64="CjBIKlIuAbYqz9aqC/iE5+U1Z8k="></latexit><latexit sha1_base64="CjBIKlIuAbYqz9aqC/iE5+U1Z8k="></latexit>
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Combinatorial non-CLT
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(wikipedia page of Lucien Le Cam) (youtube clip of Otomar H‡jek)

- from ÒAsymptotic StatisticsÓ by van der Vaart 
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(wikipedia page of Lucien Le Cam) (youtube clip of Otomar H‡jek)

- from ÒAsymptotic StatisticsÓ by van der Vaart 

non-normal limit!!M n
d!"

!"

k=1

! k (" 2
k ! 1)

<latexit sha1_base64="ZRVwJG/Hk1prWg9++bhFg+wPc2I="></latexit><latexit sha1_base64="ZRVwJG/Hk1prWg9++bhFg+wPc2I="></latexit><latexit sha1_base64="ZRVwJG/Hk1prWg9++bhFg+wPc2I="></latexit><latexit sha1_base64="ZRVwJG/Hk1prWg9++bhFg+wPc2I="></latexit>
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!M n := n ádCov2
n ((F (n )

X ,± (X i )) n
i =1 , (F (n )

Y ,± (Yi )) n
i =1 )

<latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit>

Pn := Np+ q

!" 0
0

#
,
" I p 0

0 I q

#$

<latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit>

null hypothesis

Qn := Np+ q

!" 0
0

#
,
" I p C/

!
n

C/
!

n I q

#$

<latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit>

local alternative hypothesis
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!M n := n ádCov2
n ((F (n )

X ,± (X i )) n
i =1 , (F (n )

Y ,± (Yi )) n
i =1 )

<latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit><latexit sha1_base64="OF7NRSktDlxSFaERWPkTePcrl5k="></latexit>

Pn := Np+ q

!" 0
0

#
,
" I p 0

0 I q

#$

<latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit><latexit sha1_base64="CeHlyWaqOCXEtpkGz7744cLC2Mc="></latexit>

Qn := Np+ q

!" 0
0

#
,
" I p C/

!
n

C/
!

n I q

#$

<latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit><latexit sha1_base64="PN7Z6UK7g1hHyujf53t+0M6SdaY="></latexit>

Theorem. (1) As C is small enough, it is impossible to
di! erentiate Qn from Pn .
(2) Considering the threshold t > 0 such that

Pn ( !M n > t ) ! ! ,

then for any " > ! , there exists a C > 0 only depending
on " such that

Qn ( !M n > t ) > "

for all n large enough.
<latexit sha1_base64="1wpuwotg5kXSExIcbLzgOguP1ws="></latexit><latexit sha1_base64="1wpuwotg5kXSExIcbLzgOguP1ws="></latexit><latexit sha1_base64="1wpuwotg5kXSExIcbLzgOguP1ws="></latexit><latexit sha1_base64="1wpuwotg5kXSExIcbLzgOguP1ws="></latexit>
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Goals to reach:

¥ the test should bedistribution-free , hence directly im-
plementable without the need of permutation;

<latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit><latexit sha1_base64="FPNSEtSAez+OSVtoDIFZqvdg4Fc="></latexit>

¥ the test should beconsistent in a certain sense;
<latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit><latexit sha1_base64="gf+9+SDzJcqSp+xSNtbNd97NWRk="></latexit>

Yes, by HallinÕs result and our combinatorial non-center
limit theorem!

Yes, by consistency of dCov, G-C Theorem, and 

homeomorphisms of HallinÕs DF!

¥ the test should beoptimal under certain standard.
<latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit><latexit sha1_base64="PGsLdvaHY61jIDHU0flsZTSGf2k="></latexit>

Yes, by a use of Le Cam (and Hajak)Õs contiguity lemma!
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¥ A combinatorial non-central limit theorem is derived.

¥ The ranks can be computed fast.                                                
General dimension:                                             
O(n^{5/2} Poly(log n)) complexity;                                   
if dimension is 2:                                          
O(n^{3/2+delta} Poly(log n)) complexity

¥ The Þrst distribution-free consistent test of independence in 
general dimension.





Thanks!
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