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Two problems

* Problem 1: marginal rank

 Problem 2: multivariate rank



Problem 1

We consider testing mutual independence of many
covariates based on limited information.

X =(X1,X5,...,X,)"

p covariates

Ho: Xq,...,X, are mutually independent

Data:

n independent copies of X



Paradigm

Goals to reach:
e the dimension p should be allowed to be much larger

than the sample size n;

e the test should be distribution-free, hence directly im-
plementable without the need of permutation;

e the test should be consistent in a certain sense;

e the test should be optimal under certain standard.



Outline

- Bivariate case
* High dimensional case

 Discussion



Bivariate case

e Data: {(X; € R,Y; € R),7 € [n]} i.i.d. distributed
with continuous marginal CDFs.

e Aim: testing if “Hy : X 1L Y” is true.

Tests built on ranks are hence desirable:

The ranks of Xi,..., X, are uniformly distributed on S,,, the set of all permutations of [n]

Under Hy, the marginal ranks of {X;,7 € [n]} and {Y;,7? € |n]} are independent with margins
uniformly distributed on §,,.

For any test statistic based on ranks, its null distribution has been both determined and indepen-
dent of Px y, i.e., the test is distribution-free.



[ | O
Bivariate case

with unlimited information, the test shall be able to reject null iff it is not true

Some Prob101 facts:

e Zero correlation does NOT mean independence

Pearson covargige /correlation

e Zero Kendall/Spearman rank correlation does NOT
mean independence; '




Solution

- Hoeffding’s insight: measure of dependence

bivariate CDF of (X,Y)

/

D(X,Y) = [[F]-|rr)?ar

marginals CDFs of X and Y

Hoeffding (1948): D(X,Y) > 0. If in addition F' is abso-
lutely continuous, then D(X,Y) =0 iff F = F} F5.

(JOC/EFR April 2019)



Solution

+ Hoeffding’s insight: estimation
‘ [(F — F1Fy)?dF

\ 4
N\ | = [F2F -2 [ FRFdF + [ F2F2dF
i ) "7 =EI1(X; < X3,71 <Y3)1(X2 < X35,Y, <Yj)

QE]I(Xl < Xy, 1 < Y4)]1(X2 < X4)]1(Y3 < Y4)
+

VR F1(X, < X5)1(X2 < X5)1(Vs < Y5)1(Y; < Y3)]

(JOC/EFR April 2019) g

\ =D

a U-statistics "



Test based on Hoeffding’s D

Theorem (Hoeffding, 1948). Under H, we have

BICRILEKIES S RE

1,7=1

where {&;;,4,7 = 1,2,...} are i.i.d. standard Gaussian ran-
dom variables.

e The above is a standard non-central limit theorem for
degenerate U-statistics; the convergence is a mixture
of chi-squares instead of simple GGaussian distribution.

e A one-sided and directly implementable test of Hy can
be'lmme iately obtained from the above theorem.

DX,Y) =20




Outline

- Bivariate case
- High dimensional case

 Discussion



High dimensional case

e Data: {(X; = (X;1,...,X;,) € RP ¢ € [n]} iid.
distributed with continuous marginal CDFs.

e Aim: testing if the following null hypothesis is true:

Hp: Xq,...,X, are mutually independent.

Proposal:

e Look at each pair of covariates in the data: {(X; ;, X;x)',j <
k€ [pli € [n]};

e (Calculate the Hoeffding’s D statistic ZA)j 1. of each pair;

e The proposed test statistic then is max ZA)j k.
1<



Theory

What is the null distribution of max Djk as possibly p > n?
j<

Theorem (Hoeffding, 1948). Under Hy, we have

(2>_1<”_1ﬁ T Z 252 ACT

1,7=1

where {{;;,i,5 = 1,2,...} are i.i.d. standard Gaussian ran-
dom variables.

Proposition (DHS, 2019). Let Y1,...,Y; bed = p(p—1)/2 independent copies of Y’ a S,
1) with A, >0 and A :=)>_ A, <oo. Then, as p = oo,

Y; A
max——4logp (u1—2)loglogp+—i>(}'.
eld] A1 A1

Here G follows a Gumbel distribution with distribution function

p1/2-2,
eXp{ N 21“(u1/2) eEP ( N %>}

where g1 is the multiplicity of the largest eigenvalue A1 in the sequence {A1,Ao,...}, K :
Hfzozulﬂ(l — >\v/)\1)_1/2 and I'(z fo le=?dz is the gamma function.

>\U (512)_



Theory

The major technical obstacle:

how fast is each Z/ij . weakly converging to the limit?

2.1.3 Cramér’s Moderate Deviation Theorem

The Beny-Esseen mequality zives a bound on the absolute error in approximating
the distriburion of W, by the standard normal distribution. The usefulness of the
bound may be lumiled when @(x) s close w O or 1. Cramée's tweory ol moderule
deviations provides the relative errors. Petrov (1975, pp 219 228) gives a compre We n eed a C M DT for
hensive trestment of the theory and introduces the Cramér servies, which 1s a power
series whose coeflicients cun be expressed in tenms of the cumulunts of the under-

Iving distribution and which is used in parr (2) of the following thearem., d eg e n e rate U —Stat i St i CS !

Theorem 2.13.

() Let X,.Xs.. .. be ind. random vanabies with E(X)) = 0 and ESN < oo for
some tp > 0. Thea for x > 0and x = oln''"),

P(W, >x)
I —@(x)

where A1) s the Cramér senes,

(D) I e Vi%L for s £y = 1), rhen

%I as it — = wniformly ins € 0,0(n1%]). (28 HOWGVGF, It iS Iong-standing Open___

(¢) The converse of (b) iy wlso drue; thal is, of (2.9) holds, then E&v Al .

sowe b > 0,

In parws (a) and (b) of Theorem 2.13, P(W, = x)/(1 — P x)) can clcarly be
replaced by P(W, < —x) /d(—x). Moreover, similar results are also available for
standardized sums S, /8, of independent but not necessarily identically distributed
random variables with bounded moment generating functions in some neighborhood
of the orgin: see Petrav (1975). In Chap. 7. we establish Cramér-type moderate de-
viation resulls for selfnormadized (rather than standardized) sums of independent
random variahles under moch weaker conditions



Theory

The major technical obstacle:

how fast is each ﬁj . weakly converging to the limit?

Theorem (DHS, 2019). CMDT for degenerate U-
statistics: We have, for any sequence of positive scalars

e, — 0,
y Pr{(g)_l(n ~1)Djy. > J?n} 1
tn€[—Ae,ns ] [T 3 Zijjzl 2-2]-2( ij ) > Tn

where {&;;,7,7 = 1,2,...} are i.i.d. standard Gaussian and
€ 1s an arbitrarily small universal constant.




Theorem (DHS, 2019). CMDT for degenerate U-

statistics: We have, for any sequence of positive scalars
en — 0,

Pr { (g)_l(n — 1)1A?jk > xn}
lim sup

3 1
n—oo an[—A,enn%_e] PI’ {F Z’?E:l W(SZQ] - 1) > ZCn}

—1| =0,

where {&;,4,5 =1,2,...} are i.i.d. standard Gaussian and
€ is an arbitrarily small universal constant.

Corollary (DHS, 2019). We have, as p,n — oo and logp = 0(n1/8_€),

30 ?E?Djk—4logp+loglogp+ 36

lim Pr
n,p— o0

{W4(n—1) 7'('_4

> QD,Q} — o

1/2
with Qp o = log{k%/(87)} — 2loglog(1l — a)~! and kp := {2 | ﬂ} ~ 2.466.

sin(7/n)




Paradigm

Goals to reach:
e the dimension p should be allowed to be much larger
than the sample size n;

logp = o(n'/®7°) Q

e the test should be distribution-free, hence directly im-
plementable without the need of permutation;

7t (n— AN a4t
Tpa:i= ]1{ (:?o 1) max,; <, Djr —4logp + loglogp + 35 > Qp,a} Q

e the test should be consistent in a certain sense;

permit consistent assessment of pairwise independence Q

e the test should be optimal under certain standard.



Paradigm
Goals to reach:

e the test should be optimal under certain standard.

1
V(0):= {MERPXP: M = 0, diag(M) =, M=M " max M| > O ij}

sparse alternative class

The above is the critical power range.

Theorem (Theorem 5, HCL (2017)). There exists a universal constant ¢y > 0 such that for
any number S > 0 satisfying o« + § < 1, in any asymptotic regime with p — oo as n — oo but
logp/n = o(1), it holds for all sufficiently large n and p that

_inf  sup Prs(To=0)>1—a-—0.
TQGTOC EEV(C())

Here the infimum is taken over all size-a tests, and the supremum is taken over all centered
Gaussian distributions with (Pearson) covariance matrix 3.



Paradigm
Goals to reach:

e the test should be optimal under certain standard.

logp}

V(0):= {MERPXP: M = 0, diag(M) =T, M=M T, max M| > €/ =

sparse alternative class

The proposed test is right on the boundary (up to constant)!

Theorem (DHS, 2019). For a sufficiently large universal
constant Cy > 0, we have, as long as n,p — oo,

inf Prs(Tpo.=1) =1-0(1)
eV (Ch)

where the infimum is over centered (Gaussian distributions
with (Pearson) covariance matrix 3.

20



Extensions
- Hoeffding’s measure of dependence U-statistic of order 5

D(X,Y):= [(F — F1Fy)2dF

Hoeffding (1948): D(X,Y) > 0. If in addition F'is abso-
lutely continuous, then D(X,Y) =0 iff I = F1 1.

 Blum-Kiefer-Rosenblatt’s modification
R(X, Y) .= f(F — F1F2)2d(F1 & FQ)

BKR (1961): without any digtributional assumption, we
have R(X, Y) > (0 and R(X, Y = 0 iff F' = FiF5.

U-statistic of order 6

21



Extensions

- Bergsma and Dassios’s proposal

~x (T —1 X’il Xz'4

() X e {G) G
1<11 <0< <14 <1

1

ceey Zg) = 16 Z { 12,15 Zig,1 < Zig, 10 Zig,1) + 1(2i5,1, 2ig1 < Ziy 15 Zig1)

(i1,..-,i4)EPy
=1(2iy,1, 2ig1 < Zip1, 2ig,1) — 1(2ip,1, 2ig1 < Zi..hzu.l)}

{ 1(2iy,2, 2i3,2 < Zip,2, Zig,2) + 1(2iy,2, 2ig,2 < Ziy 2, Zi3,2)

—1(23‘1.2, zl'.l,'Z < Zin, 24 zi;;,')) - ]]-(ziz.Zs Ziq 2 < 241,24 ziq,'Z)}

Bergsma and Dassios (2014): ERE > 0, and?.if (X,Y) are
fof both, then

absolutely continuous or discrete or a mixturd
a mysterious kernel...

Er: =0 iff X, Y are independent.

22



What we knew

- Hoeffding, BKR, and Bergsma-Dassios are really alike

each other...

The Statstician (2003)
82, Part1, pp é1-5T

On the conventional wisdom regarding two
consistent tests of bivariate independence

Govind S. Mudholkar
University of Rochester, USA

and Gregory E. Wilding
State University of New York, Buifalo, USA

[Received October 2001, Final revision Ju'y 2002)

Summary. Hoeffoing's test of bivariate independence and its BYmptott: equvaent due to Blum,
Kie‘er and Rosenblatt are well known 10 be coneistenrt against all dependence altamatives. How-
evar, e two tests, which ara often trealed as interchangeabla, are rarely Lsed in data analysis
mainly because their finite sample null disiributions are unavailable, and littla is known about
their operating characlenstics. In this paper the conventional wisdom regarding the equivalenca
of thesa tests and their dsiributons I8 examned by first tabulating thair nul distributions for
samole sizes n = 5. E6,...,25,20,.. ,50,60,...,100, and then studying thair power functions
empincally, The power functions are compared with those of the commonty usad methods based
on tha product moment carrelation, the rank correlation and Kendall's +, for bivarata nommal
anc log-normal populabons, as well as a vanety cf dapendence models such as the well-known
copulas due 10 Mo rern, Gumbal, Flacket:, Marsnall and Olkdn, Raftery, Clayton and Frank.
It is seen thal the Bium, Kiefer and Rosenblatt test is generally preferable in terms of power
againet pesiive dependence altemanvae and that tha convantional wisdom deserves a revision.

Ksywords: Blum, Kieler and Rosenblart test; Copulas, Hoeffding test. Kendall's r, Product
moment carralation: Rank correation

Elpctronic Journal of Statistios
Val. 10 (2016) 2287-2311

ISSN: 1935-7524

DOI: 10.1214/16-2J51165

Large-sample theory for the
Bergsma-Dassios sign covariance

Preetam Nandy" '

Serminor for Statistics, ETH Zurich, Switzerland
c-wwzil; nandy@stas .math.etkz.ca

Luca Weihs* and Mathias Drton

Depariment of Slatis'tes:, University of Waskingiem, Sealtle, WA, USA
e-madl Ineawlna adu; siSne. adn

Abstract: The DBergama-Cassios smgn covariance is a recertly proposed
extersion of Kendall’s taa [n contrast to teu or also Spearman's rho, the
now sign covariance T4 vanihes if anc oaly if the two consicered random
variables are independent. Specificaly, this recult has been shown for ecn

tinuous as well az discrets variablee We davelop larga-sample distribution
thecry for the empirical wersion of r*. In particalar. we usc theory for
degenerate Lstatistios te derive asymntatic null distribatson:z undes inde.
peadence and demonsirate 1n simolations that the hmiting distr byrt.ons
give useful appro<imatiors.

MSC 2010 subjeet clossifications: Primary 62C 10, 62C2(0; accondary
62030

Koywords and phrosess Test of incependence, nsymptotics, U statistics,
ponparametric corralation, degenaracy, Hoolding's D.

Feceivad February 2016.

- As a matter of fact, they are asymptotically equivalent up

to scaling!

23



What we now know

* There exists an identity between Hoeffding, BKR, and

Bergsma-Dassios!

as long as there is no tie

ON MEASURES OF ASSOCIATION AND A RELATED PROBLEM

TAKEMI YANAGIMOTO

(Received Feb. 17, 1969; revised Aug. 20, 1969)

Two measures of association M(F') and M.(F) are discussed, which
are defined by the expectations of certain rank statistics, 7} and T,
respectively. W. Hoeffding [1] has introduced the measure M,(F') and
some of its properties. M(F'), 1=1, 2, have desirable properties as the
measures of association, for example, M, (F')=0, iff F(z,y) is independ-
ent, and M(Pp) is a monotone increasing function of |p|, when @p is
the d.f. of two-dimensional normal distribution with correlation coeffi-
cient p. In Section 2 precise properties are obtained under mild condi-
tions. In Section 3, using these measures, we give a complete result on
a relation between equiprobable rankings and independence, which is an
improvement of a result by Hoeffding [1].

24



Outline

- Bivariate case
* High dimensional case

 Discussion
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Discussion

The first optimal consistent test of independence in high
dimensions.

A Cramer moderate deviation theorem for general
degenerate U-statistics has also been derived.

Room still left for improvement.
Open doors to new problems?

We note that computing all three is super fast; O{n
Pol(log n)} complexity.

26
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Two problems

* Problem 1: marginal rank

 Problem 2: multivariate rank

28



Problem 2

We consider testing independence of two random
vectors of fixed probability measure based on limited
information.

X:(leXQ,...,Xp)T Y:(Y17Y27°“7YCI)T

p covariates g covariates

Hy : X is independent of Y.

Data:

n independent copies of (X,Y)

29



Paradigm

Goals to reach:

e the test should be distribution-free, hence directly im-
plementable without the need of permutation;

e the test should be consistent in a certain sense;

e the test should be optimal under certain standard.

a long-standing open problem!

Impossible in certain sense

30



Outline

 Multivariate rank
* The proposed test

 Discussion

31



Hallin’s multivariate rank

e Data: {(X; € RP.Y; € R?),i € [n|} i.i.d. distributed
with fixed nonvanishing probability measures for X, Y .

e Aim: testing if “Hy : X 11 Y” is true.

Tests built on marginal ranks are no longer distribution-free:

possibly correlated with

ranks of {X; ;,..., X} ranks of { X g, ...

7Xn,k}

32



Solution

 Insight: redefining rank in general dimension

“Hallin’s” population distribution function

/

-."x.
p <
* P -~ A T
s W By . .
R

(Marc Hallin;
ULB MATHEMATICAL
STATISTICS GROUP)

Pd U d
a general measure satisfying uniform distribution over
the non-vanishing property ad-dimensional unit-ball

33



Solution

 Insight: redefining rank in general dimension

2
11%f Ja || T (x) — mH2de

subject to T4 Py = Uy

optimal transport problem

« Existence, uniqueness, and bijection: Main Theorem
in McCann (1995, p. 310)

“The set F1'(0) is compact and has Lebesgue measure zero; the restrictions of F4(-) and
F1'(-) to R\F1'(0) and Sq\{0} are homeomorphisms between R*\F1'(0) and S;\{0}".

34



Solution

 Insight: how to estimate

“Hallin’s” ECDF

(Marc Hallin;
ULB MATHEMATICAL
STATISTICS GROUP)




Solution

Insight: redefining rank in general dimension

!
- «';1’ 1
o =i

1
v
N 5%
A Cii
SESw =
<we l s

consisting of n points that
approximate the unit-ball

36



Solution

 Insight: redefining rank in general dimension

“Hallin’s” rank is distribution-free:

Hallin 2017 (Proposition 6.1): Let Xi,...,X, be ii.d.
with nonvanishing distribution P;. Then (F(in) (X1),..., F(in) (X))

is uniformly distributed over all permutations of Sgn).
And we also have a G-C theorem to quantify convergence.

37



Outline

 Hallin’s multivariate rank
 The proposed test

 Discussion
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Generalized BKR Test

e Data: {(X; € RP.Y; € R?),i € [n]} i.i.d. distributed
with fixed nonvanishing probability measures for X, Y .

e Aim: testing if “Hy : X 1L Y” is true.

Proposal:
e (Calculate Hallin’s ranks F( ) L (X1),... ,Ff,?)i(Xn) and

FU), (Y1),..., FY (Y,);

e Combine Hallin’s ranks with distance covariance, ob-
taining the test statistic

N

My = n - dCovy (P3¢ (X0))iy, (FY ) (Y)1);
e Reject Ho 1f M is large enough ¥

converge to BKR in one-dimension

39



Theory
What is the null distribution of ]\/4\n?

e Consider the “population” Hallin’s ranks F x 1 (X;) ~
U, and Fy (Y;) ~ Uy;

e [.ead to the “oracle” test statistic:

N

M, :=n - dCov,, (Fx +(Xi))ie1: (Fy +(¥3))i1);

e Standard exercise (e.g. Jakobsen (2017, Theorem 5.10))
ogives, under Hy,

Z (& — 1),

where A\q, A2, ... are nonnegative constants only de-
pend on p, q.

40



Theory

Main Theorem (SDH 2019+). Let (X1,Y7),...,(X,,Yn)
be independent copies of (X,Y) with fixed nonvanishing
probability measures Px, Py and X and Y are indepen-

dent. Then 1t holds that

M, -5 > k(& 1),
k=1

Hallin 2017 (Proposition 6.1): Let Xi,...,X, be i.i.d.
with nonvanishing distribution P;. Then (Fg?) (X1),. .., F(in) (Xn))

is uniformly distributed over all permutations of S&n).

M, :=n-dCov’ (FY, (X)), (FY) (Y;))r,) is relying

on the product space of two uniform permutation measures.
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Combinatorial CLT

A COMEINATORIAL CENTRAL LIMIT THEOREM!

By Waieany Hoerrpineg
Institule of Stotistics, University of Ner'h Carelina

1. Summeary, Let (Ya . ¢+, Ya) be a random vector which takss on t.he
n! pennutabnus of (1, =+ +, n) with ecual probabilities, Let e.(5,5),%4,5 = 1,
n, be a' real numbers. Sulcient conditicns for the asymptotic lormallt.y of

Sp = ;( oa(fy ¥

are given (Theorem 3). For the speeial case ¢,(7,7) = a,(1)b,(j) a stronger version
of a theorem of Wald, Wolfowitz and Noether is obtained (Theorem 4). A ccn-
dition of Npether is simplified (Theorem 1).

2. Introduction and statement of results. An example of what is here meant by
& combinstorial central limit thecrem is o solution of the following problem
For avery pomt.\e integer n there are given 2n real numbers 6,(), ba(i), § = 1,
-+« y o, It is sssumed that the a4(:) aze not all equal and the by(i) are not a.ll
equal. Let (Y, -+, ¥.) bo 8 randam voetor which takes or the n! permu-
tations of (1, - .-, n) with equal prcbabilitics 1/n!. Under what conditions is

(0 S.= 3 a,@h(Y,]
=1
asymcptotically normally distribued as n — ©?
Throughcut this paver a random variable S, will Le callad asymptotically
normal or asymptotically normally disuributed if

hmP*iS—ES.(z»’vu...}——'[ o dy, —w <p < w,
where ES. and var S. are the mean &nd the variance of S, .

In the particular case ¢.(1) = b.(f) = { the asympiatic namality of S, was
proved by Hotelling and Pahst [2]. The first. general resuls is due to Wald and
Wolfowitz [6), who showed thas S. 8 asymptotically normal if, £8 7 — o,

li; (@) — @)

(2; —=T, = O(l:l‘ r=43.4, . i
[ '2__"7 (a, () — a,) ]
and
13 6.0 - b
(3) — = (1), r=234, ...

oo wl

1 Work done undar the spensership of the Offce of Navs] Fosearch.
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TN Aunade of Selintion
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ERROR BOUND IN A CENTRAL LIMIT THEOREM 0OF
DOURLE-INDEXED PERMIUTATION STATISTICS

By Lavcaenc ZHan', Zuimon: Rar?,
Covrn-Cring Crao”® avn Wen-Q1 Liana”

UTnaveraity of Science and Technology of China,
Nationai Sur Yai Scn University,
Acaderia Sinica and Academia Sinica

An errer byand in the narmal epproximation to the dis=ibutia of the
couble-indoosd permalalicn ststisdizxs is darived. The derivabon is Ixased
cn Stein’s moeth>d and en an xlengion of o ccmbenatonal rarthod of
Bolthuusen. The reeult can be apglied (o obitaia che convergenos rate of
erder n 1% tos sorae ranlc roloted statiatien, suck na Kenecllo tow, Spear
muan's tho and the Munn-Whilieyr-Wilooacn stustistic [ zpplicalicns W
Fraph-ralatad nerparametne ststizes ¥ mulivanste cheervationg am
2lso mentimed.

L. Intreduction. Tel 20,7 B 0, j ke leN={1,  n} be sl nome
bers dependicg on n. We are interested in the double-indexed permutation
stutistics (DIPS) of the general furm L, 20, 5w, 7(), where = is un.
formly distrbuted cn the sat % o all parmutstions of N. The DIPS of the
rstricted form £, a by, wus fiest iovestiguied by Daniels (1944) in Uw
study of a meneralized correlaticn ccefficiant with Kendall'e tau and Spear-
mon's rho being speeial eases, Danicls gave @ set of sufficient eonditione for
their ceymptotic normality ag » — =, Further investigaticns along this direc-
tion have been done by Eloemena (1951), Jogdeo (L968), Abe (1969), Shapiro
and Hubert (1979), Barbour and Esgleson (1936) and Pham, Mocks and
Sroka (1689). In theee cortexts, the so-called ecores a , and b, are either
symmetric (a,, = a,, b, = &;) or skew-symmetric (a,, ay b &)
The uses of DIPS have :lne“aely baen suggestad by Fnedman un:l Ratsk)
(1979, 1988 und Schilling (1986) in muluivarizle nonparsumelnc exis hy
Hube-rt and Schultz (1378) ir clustering studiss, by Mantsl and Valend
(1870) in bicmelry, and by CLIT and Ord (1981) in geography.

The purpess of this paper is W derive @ boound G the s in e noene?

approxmation o the distribution of the DIPS of the general farm

Qecrivnd (etahor 1935, readiasd Decambas 1996

‘Research partially sapperted by Netional Natural Scence Foundation of China. PhD.
Prmgram Feundaten of Natdena Kiuestion Comrittee of China and Specis] Foundation o
Academia Simice.

" Researeh partially sopparted by Natinal Scleres Counz1 of £na Repuh¥is of (hina

AME 1601 sobjoct dlassifiearions. Primory 3FCE, 62ES0; seeondary 62H20

Koy uvards andd phinses Asympactie nermal ty, enevnlatinn ceefMelont, graph thaary, midtivar.
ate asccanton, permwiatioe statioties, Steir’s methed.
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Combinatorial non-CLT

B = (3)" S o (sl ) (52, 442,)

1<j1<j2sn

Theorem 4.1. Assume that for each i = 1,2, the functions g( ), n € Z,, and g; satisfy the
following conditions:

(i) each g( ") is symmetric, i.e., g; )(z Z') = -")(z’,z) for all z, 2" € Q;;
(it) the famzly g( " ne Zy, 18 equicontinuous;

(iit) each g'. is non-negative definite, i.e.,

¢
Z €1 C529; )(ansz) >0
nJ2=1
foralley,...,.c; €R, 21,...,2¢ €y, L€ Ly,
(iv) each g,") has ]E(g(")(z, Z,-("))) =0
(v) each g( "™ has ]E(g,-")(Zi("), Z,-(")')z) € (0, 4+00);
(vi) as n = oo, the functions gE") converge uniformly on ; to g;, with E(g:(Z:, Z!)?) € (0, 400).
It then holds that
o
nD(N) i) E ’\l,kl ’\2,k2(§£|.k2 - 1)
ky,k2=1
as n — oo, where &, k,, k1,k2 € Z4, are i.i.d. standard Gaussian, and the \j;. > 0, k € Z4, are
eigenvalues of the Hilbert-Schmidt integral operator given by g;. So, for each i the A;; solve the
integral equations
E(gi(2i, Zi)ei x(Z:)) = Ai xeix(zi)

for a system of orthonormal eigenfunctions e; k.
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Optimality

(wikipedia page of Lucien Le Cam) (youtube clip of Otomar Hajek)

6.6 Theorem. Let P, and Q, be sequences of probability measures on measurable spaces
(., A,), and let X, : Q2 > R* be a sequence of random vectors. Suppose that Q, < P,

and

(X,,, dQ")&(x, V).
dP,

Then L(B) = El 3(X) V defines a probability measure, and X, £ L.

- from “Asymptotic Statistics” by van der Vaart

44



Optimality

(wikipedia page of Lucien Le Cam) (youtube clip of Otomar Hajek)

6.7 Example (Le Cam’s third lemma). The name Le Cam’s third lemma is often reserved
for the following result. If

dQn Py p) T
n 2

X, S Ne(u + 7, T).

- from “Asymptotic Statistics” by van der Vaart

Mp, = > (&2 —1)  non-normal limit!

k=1
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Optimality

6.6 Theorem. Le e ind @ ve sequences of probability measures on measurable spaces
(2,,, A,), and let X, pln > l be a sequence of random vectors. Suppose that Q, < P,
and 3

null hypothesis local alternative hypothesis
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Optimality

Theorem. (1) As C is small enough, it is impossible to
differentiate @Q,, from P,,.
(2) Considering the threshold ¢t > 0 such that

Pn(]\/in > 1) — a,

then for any 0 > «, there exists a C > 0 only depending
on 3 such that

Qn(M, >1t)>f

for all n large enough.
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Paradigm

Goals to reach:

e the test should be distribution-free, hence directly im-
plementable without the need of permutation;

Yes, by Hallin’s result and our combinatorial non-center
limit theorem!

e the test should be consistent in a certain sense;

Yes, by consistency of dCov, G-C Theorem, and
homeomorphisms of Hallin’s DF!

e the test should be optimal under certain standard.

Yes, by a use of Le Cam (and Hajak)’s contiguity lemmal!
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Discussion

» The first distribution-free consistent test of independence in
general dimension.

« A combinatorial non-central limit theorem is derived.

» The ranks can be computed fast.
General dimension:
O(n{5/2} Poly(log n)) complexity;
if dimension is 2:
O(nN3/2+delta} Poly(log n)) complexity
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